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Abstract

Over the last several decades, integral-equation methods have emerged as pow-

erful tools for the solution of the homogeneous partial differential equations of

mathematical physics, including the Laplace, Helmholtz and Maxwell equations.

By using the methods of potential theory, boundary value problems can be recast

as boundary integral equations, reducing the dimensionality of the problem by one

and permitting geometrically flexible discretization. Combined with suitable fast

algorithms, this has led to optimal or nearly optimal complexity solvers in a va-

riety of important application areas. For inhomogeneous, variable coefficient and

nonlinear equations, there is no corresponding reduction in dimensionality, since

the interior of the domain needs to be discretized and integral-equation methods

appear to be less natural. They lead to dense linear systems of equations, while

direct discretization of the partial differential equation leads to a sparse system of

the same size.

In this thesis, we present a new collection of integral-equation methods for inho-

mogeneous partial differential equations including the Poisson, modified Helmholtz,

and modified Stokes equations that are of optimal computational complexity, while

fully adaptive, high order accurate and easy to use even in complex geometry. For

this, we have combined fast methods for computing the volume integral operators

of potential theory, with new quadrature methods for layer potentials, and a new

method for smooth function extension from arbitrarily-shaped domains. Unlike fi-

nite difference and finite element discretization of the governing partial differential

equation, the only unknowns in the formulation lie on the domain boundary, so

that there is still an effective reduction in dimensionality in terms of the size of

the linear system which needs to be solved. The interior degrees of freedom are

v



accounted for using an explicit integral transform, for which we have developed

specialized versions of the fast multipole method. These tools can be extended

in a straightforward manner to create fast, high order accurate solvers for more

complex problems, including variable coefficient problems and the incompressible

Navier-Stokes equations.
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Introduction

The principal focus of this thesis is the development of numerical methods for

elliptic partial differential equations (PDEs) that are both fast and accurate enough

to permit design by simulation. Numerical methods in this regime should be capa-

ble of both solving the complex equations associated with engineering applications

and meeting the requirements of design software — particularly when it comes to

geometrically complex modeling, automatic adaptivity, and error estimation.

The target equations here are the Poisson, modified Hemlholtz and modified

Stokes equations. Fast solvers for these equations are essential ingredients in solv-

ing more complex equations, such as the incompressible Navier-Stokes equations

or a variety of nonlinear elliptic equations.

For the sake of illustration, suppose that we wish to solve the Poisson equation

−∆u(x) = f(x) in Ω (1)

with Dirichlet boundary conditions

u(x) = g(x) on Γ, (2)

where Ω is a bounded domain in R2 with boundary Γ.

Because of the importance of this problem in gravitation, electrostatics, elas-

ticity, and fluid dynamics, an enormous amount of attention has been given to the

development of fast solvers for its solution. “Fast” here means that the CPU time

should be proportional or nearly proportional to the number of degrees of freedom

used in discretizing the equation. In circular or rectangular domains with regular
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grids, methods based on the Fast Fourier transform (FFT) have been shown to

be extremely effective. When the domain is more complex or the discretization

is non-uniform, however, these methods no longer apply. Thus, there has been a

substantial amount of effort aimed at developing methods which can handle highly

inhomogeneous source distributions and irregular domains. Direct discretization

of the PDE using finite difference or finite element methods has the advantage

that it leads to sparse linear systems of equations and these are typically solved

iteratively using, say, multigrid or some other preconditioning strategy.

From an analytic perspective, however, it is perhaps more natural to consider

integral-equation methods. It is well known, for example, that

up(x) =

∫
R2

GL(x,y)f(y) dy , (3)

where

GL(x,y) = − 1

2π
log ‖x− y‖ , (4)

satisfies (1) and that its boundary values are well-defined. Letting gp(x) be the

restriction of up to Γ, it is clear that

u = up + vp,

where vp(x) satisfies

−∆vp(x) = 0 in Ω (5)

with Dirichlet boundary conditions

vp(x) = g(x)− gp(x) on Γ. (6)
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The determination of vp can be accomplished using boundary integral-equation

methods, which have been shown to be essentially optimal. They require O(Nb)

work, where Nb is the number of boundary points and, with suitable quadratures,

can achieve very high order accuracy. It is important to note that, using this

potential-theoretic approach, there are no unknowns in the interior of the domain.

Moreover, as we shall see below, error estimation is straightforward, and volume

integral operators such as (3) can be applied in linear time, leading to optimal

computational complexity using, for example, the fast multipole method (FMM)

of [19]. The method of [19], however, was aimed at the solution of the Poisson

equation in free space, with a right-hand side f(x) specified as a piecewise poly-

nomial on an adaptive quad-tree discretization of the unit box. In the case where

f(x) is known only inside a domain Ω (contained in the interior of the unit box

B), the extension of f(x) by zero to B \ Ω yields a discontinuous function and

requires excessive adaptive refinement near the boundary Γ to achieve high order

accuracy using a piecewise polynomial approximation. One of the contributions of

this dissertation is the development of a fast and automatic method for function

extension that enforces continuity, dramatically reducing the amount of refinement

required (Chapter 2). With this gain in efficiency, the approach presented here is

a compelling alternative to the use of body-fitted computational elements, e.g.

curved triangles or cut-cells, for which the construction of high order quadratures

is difficult.

In many applications, one needs to solve a sequence of Dirichlet boundary

value problems in the same domain (with different data f(x) and g(x)). In order

to permit even faster solution times for such problems, we combine the fast direct

solver of [31] for solving (5), (6) with fast volume integral methods. This also

3



requires the development of a fast algorithm for evaluating layer potentials defined

on the boundary Γ at all target points inside the domain Ω (Chapters 1 and

2). For fluid dynamic applications, where the modified Stokes equations play an

important role, we also developed a new fast multipole method for the governing

Green’s function which overcomes the instabilities inherent in existing schemes

(Chapter 4). Finally, we have developed a new method for designing quadratures

for volume integrals on adaptive quad-tree data structures, which is important

when considering the Helmholtz or modified Helmholtz equation (Chapter 3). We

illustrate the performance of our fast solvers in Chapter 5 and discuss some open

problems in Chapter 6.
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Chapter 1

Integral-equation methods

1.1 Mathematical preliminaries

Existence and uniqueness of the solution to an integral equation is often related

to the uniqueness of solutions to the corresponding PDE. We collect here some well-

known uniqueness results for PDEs which will be needed later. For reference, see,

inter alia, [20, 22, 28].

In the following, we consider a bounded domain Ω, possibly multiply-connected,

with a smooth boundary Γ. Let the outward normal direction for a point x on Γ be

denoted by ν(x) and the corresponding positively-oriented unit tangent vector be

denoted by τ (x). We will also consider exterior domains of the form Ωe = R2 \ Ω̄

for sets Ω given as the union of finitely many disjoint, simply-connected domains,

where Ω̄ indicates the closure of Ω. The boundary points of Ωe are the same as

those for Ω but the unit normal directions and unit tangent vectors are reversed

and we use Γ∗, with ν∗(x) = −ν(x) and τ ∗(x) = −τ (x), to make this distinction.

We omit the proofs for the following results concerning the Laplace equation
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in two dimensions, as they are standard (relying on maximum principles or energy

methods).

Theorem 1.1. (Uniqueness for the Laplace Dirichlet problem.) If u(x) satisfies

∆u(x) = 0 in Ω , (1.1)

u(x) = 0 on Γ , (1.2)

then u ≡ 0 in Ω. Similarly, if u(x) satisfies

∆u(x) = 0 in Ωe , (1.3)

u(x) = 0 on Γ∗ , (1.4)

with u(x) bounded, then u ≡ 0 in Ωe.

In the case of the Neumann problem, uniqueness holds only up to an additive

constant, which is clear from the form of the equation.

Theorem 1.2. (Uniqueness for the Laplace Neumann problem.) If u(x) satisfies

∆u(x) = 0 in Ω , (1.5)

∂νu(x) = 0 on Γ , (1.6)

then u ≡ c in Ω, for a constant c. Similarly, if u(x) satisfies

∆u(x) = 0 in Ωe , (1.7)

∂ν∗u(x) = 0 on Γ∗ , (1.8)
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with u(x) bounded, then u ≡ c in Ωe, for a constant c.

It is common in an integral-equation approach to the incompressible Navier-

Stokes equations to enforce the boundary conditions by solving the homogeneous

modified Stokes equations with appropriate boundary conditions. These equations

are given by

∆u− α2u = ∇p in Ω , (1.9)

∇ · u = 0 in Ω , (1.10)

u = ub on Γ , (1.11)

where we have specified velocity boundary conditions. Existence and uniqueness

results for these equations are less common in the literature than for the Laplace

equation, but they can be found, for instance, in [58].

In proving uniqueness for these equations, it is convenient to introduce some

notation. The rate of deformation is denoted by the tensor e and is defined as

eij =
1

2

(
∂xjui + ∂xiuj

)
. (1.12)

The stress tensor σ is then defined by

σij = −pδij + 2eij , (1.13)

where δij is the standard Kronecker delta. With these definitions, the value

f(x) = σ(x) · ν(x) , (1.14)

7



represents the surface traction that the fluid exerts at a point x on the boundary.

The following lemma forms the basis of an energy method for establishing the

uniqueness of solutions to the modified Stokes problem.

Lemma 1.3. Let (u, p) be a solution of (1.9), (1.10), (1.11) and f and e be the

tensors defined above. Then

∫
Γ

uifi dS =

∫
Ω

α2uiui + 2eijeij dx , (1.15)

where we have used the standard Einstein notation for summing over indices of

tensors.

It is worth noting that the above lemma makes clear that specifying velocity

boundary conditions is an analogue of the Laplace Dirichlet problem and specifying

the surface traction f is an analogue of the Neumann problem.

The following lemmas are standard results and concern harmonic and modified

Helmholtz potentials in unbounded domains.

Lemma 1.4. Let h be a bounded harmonic function in the exterior of a disc. Then,

|∂xih(x)| = O(1/|x|2) and |∂xi∂xjh(x)| = O(1/|x|3) as |x| → ∞, for i, j ∈ {1, 2}.

Lemma 1.5. Let h be a function which satisfies

∆h− α2h = 0 (1.16)

and h(x) → 0 as |x| → ∞ in the exterior of a disc. If h = 0 on the boundary of

the disc, then h ≡ 0.

The following lemma is a consequence of the uniqueness result above, separation

of variables, and the properties of modified Bessel functions (section 10.25 of [17]).
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Lemma 1.6. Let h be a function which satisfies

∆h− α2h = 0 (1.17)

and h(x)→ 0 as |x| → ∞ in the exterior of a disc and let h be a C1 function on

the boundary of the disc. Then, |h(x)| = O(e−α|x|) as |x| → ∞.

Theorem 1.7. Uniqueness for the modified Stokes problem with velocity boundary

conditions. If (u, p) satisfy

∆u− α2u = ∇p in Ω , (1.18)

∇ · u = 0 in Ω , (1.19)

u = 0 on Γ , (1.20)

then u ≡ 0 and p ≡ c in Ω, for some constant c. Similarly, if (u, p) satisfies

∆u− α2u = ∇p in Ωe , (1.21)

∇ · u = 0 in Ωe , (1.22)

u = 0 on Γ∗ , (1.23)

with u(x)→ 0 as |x| → ∞ and p bounded, then u ≡ 0 and p ≡ c in Ωe, for some

constant c.

Proof: For the bounded domain Ω, the proof follows by recognizing that the left

hand side of (1.15) is zero and the integrands on the right hand side are positive.

Consider the unbounded domain Ωe. For sufficiently large R, the set D =

Ωe ∩BR(0) contains the boundary Γ∗. In this case, we have

9



∫
D

α2uiui + 2eijeij dx =

∫
∂D

uifi dS =

∫
∂BR(0)

uifi dS . (1.24)

Let ω = ∂x2u1 − ∂x1u2 be the vorticity. Then, ω satisfies

∆ω − α2ω = 0 in Ωe (1.25)

and

∇⊥ω = ∆u , (1.26)

where ∇⊥ = (∂x2 ,−∂x1). Therefore,

u =
1

α2

(
∇⊥ω −∇p

)
. (1.27)

Because p is bounded and harmonic, we have |∇p| = O(1/|x|2) as x → ∞. To-

gether with the decay of u, this implies that ∇⊥ω tends to zero at infinity. Fur-

ther, because ω satisfies (1.25), we have that ∇⊥ω decays exponentially at in-

finity. Therefore, |u| = O(1/|x|2) as x → ∞. Similar reasoning implies that

|∇u| = O(1/|x|3) as |x| → ∞. Finally, this implies that the right-hand-side of

(1.24) tends to zero as R→∞, completing the proof.

1.1.1 Free-space Green’s functions

For many partial differential equations of physical interest, the solution operator

is known for the “free-space” problem. If L is a linear differential operator and f a

sufficiently smooth function of compact support, then the free-space problem is to

10



find u satisfying Lu = f on all of R2, subject to appropriate conditions at infinity.

Typically, the solution operator is given by

u(x) =

∫
R2

Φ(x,y)f(y) dy , (1.28)

where Φ is referred to as the free-space Green’s function. In the theory of distri-

butions, one writes that LΦ(x,y) = δ(x− y).

The Green’s functions for the Poisson equation and the modified Helmholtz

equation are well-known and presented here without their derivations.

Lemma 1.8. (Free-space Green’s function for the Poisson equation.) Let f be a

continuous function of compact support. Then, the function u defined by

u(x) =

∫
R2

GL(x,y)f(y) dy , (1.29)

where

GL(x,y) = − 1

2π
log ‖x− y‖ , (1.30)

satisfies

−∆u = f in R2 , (1.31)

u(x) = − log(x)

2π

∫
R2

f(y) dy +O (1/‖x‖) as ‖x‖ → ∞ . (1.32)

Lemma 1.9. (Free-space Green’s function for the modified Helmholtz equation.)

Let f be a continuous function of compact support. Then, the function u defined

by

u(x) =

∫
R2

GY (x,y)f(y) dy , (1.33)

11



where

GY (x,y) =
1

2π
K0(α‖x− y‖) , (1.34)

with K0 the modified Bessel function of the second kind, satisfies

−∆u+ α2u = f in R2 , (1.35)

u(x) → 0 as ‖x‖ → ∞ . (1.36)

1.2 Potential theory

In this section we present some facts concerning the functions induced by layer-

potentials and the corresponding integral operators. The results can be found in,

inter alia, [39]. A treatment which emphasizes the physical interpretation of these

objects can be found in [28].

1.2.1 Layer potentials

The free-space Green’s functions GL(x,y) and GY (x,y) of the previous section

can be thought of as the potential at the point x due to a unit charge located at

y. Accordingly, the potential defined by

u(x) = Sσ(x) =

∫
Γ

GL(x,y)σ(y) dS(y) (1.37)

represents the potential due to a charge distributed along the curve Γ with density

σ. The resulting function is referred to as a single layer potential. When restricted

to evaluation points x on Γ, we use the notation

12



u(x) = Sσ(x) =

∫
Γ

GL(x,y)σ(y) dS(y) , (1.38)

where the integral exists as an improper integral.

Theorem 1.10. The kernel GL(x,y) is weakly singular on Γ, hence S is a compact

operator on B = C(Γ) and H = L2(Γ).

Theorem 1.11. Let Ω, Γ, Ωe, and Γ∗ be as in the previous section, with Γ of class

C2. Then, the single layer potential is harmonic in Ω and Ωe and is continuous in

R2. Let x0 ∈ Γ and ν0 = ν(x0). The limiting values of the normal derivative of

the potential satisfy the following jump relations

lim
h→0+

∂ν0u(x0 ∓ hν0) = ±1

2
σ(x0) + S ′σ(x0) (1.39)

= ±1

2
σ(x0) +

∮
Γ

∂ν0GL(x0,y)σ(y) dS(y) , (1.40)

where the symbol
∮

indicates that the integral is interpreted in the Cauchy principal

value sense.

While the kernel of the operator S ′ might be expected to have a stronger

singularity than the kernel of S, it turns out that for a sufficiently smooth curve

this is not the case. We have

Theorem 1.12. For Γ of class C2, the kernel ∂νxGL(x,y) has a removable singu-

larity at y = x, hence S ′ is a compact operator on B = C(γ) and H = L2(Γ).

The directional derivative of the free-space Green’s function can be thought of

as the potential due to a dipole. Accordingly, the potential defined by

u(x) = Dµ(x) =

∫
Γ

∂νyGL(x,y)µ(y) dS(y) (1.41)

13



represents the potential due to a continuous distribution µ of normally-oriented

dipoles along the curve Γ. The resulting function is called a double layer potential.

As in the case of S ′, the kernel of the double layer potential is not as singular as

might be expected when restricted to a sufficiently smooth curve. We have

Theorem 1.13. For Γ of class C2, the kernel ∂νyGL(x,y) has a removable singu-

larity at y = x, hence the double layer operator restricted to Γ, D, is a compact

operator on B = C(γ) and H = L2(Γ).

The jump properties of the double layer potential are summarized in

Theorem 1.14. Let Ω, Γ, Ωe, and Γ∗ be as in the previous section, with Γ of

class C2. Then, the double layer potential is harmonic in Ω and Ωe. Let x0 ∈ Γ

and ν0 = ν(x0). The limiting values of the potential satisfy the following jump

relations

lim
h→0+

u(x0 ∓ hν0) = ∓1

2
µ(x0) +Dµ(x0) (1.42)

= ∓1

2
µ(x0) +

∮
Γ

∂νyGL(x0,y)σ(y) dS(y) , (1.43)

where the integral is again interpreted in the Cauchy principal value sense. More-

over, the limiting values of the normal derivative are continuous across Γ.

Finally, we note that for a general Lipschitz curve Γ, the operators S ′ and D

are merely bounded, not necessarily compact, and the integrals in their definitions

must be taken in the Cauchy principal-value sense.
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1.2.2 Fredholm alternative

The following theorems are adapted from [39]. The second is commonly referred

to as the “Fredholm alternative.”

Theorem 1.15. Let H be a Hilbert space with inner product 〈· , ·〉 and A and B

be compact adjoint operators on H. Then the nullspaces of I − A and I −B have

the same dimension.

Theorem 1.16. (Fredholm alternative.) Let H be a Hilbert space with inner prod-

uct 〈· , ·〉 and A and B be compact adjoint operators on H. Then

(I − A)H = N(I −B)⊥ (1.44)

and

(I −B)H = N(I − A)⊥ , (1.45)

where N(C) denotes the nullspace of the operator C and

V ⊥ = {f ∈ H : 〈f, g〉 = 0 for g ∈ V } . (1.46)

The Fredholm alternative demonstrates that for a large class of infinite dimen-

sional linear operators the more familiar existence and uniqueness results of linear

algebra still hold. A related result is

Theorem 1.17. Let A be a compact operator on a Hilbert space H. If (I−A)f = 0

implies that f = 0, then the solution f of (I − A)f = g exists for any g and is

unique.

The preceding theorems also hold in the more general case of a Banach space
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B equipped with a non-degenerate bilinear (· , ·) or sesquilinear 〈· , ·〉 form.

There is a simple extension of the above theorems for certain operators which

are not exactly of the form I − A for A compact. Let C be a linear operator.

Suppose that there exists a linear operator Rl satisfying RlC = I − Al, for Al a

compact operator. Such an operator Rl is called a left regularizer and, in the case

that Rl is injective, Rl is called an equivalent left regularizer. It is clear, for Rl

an equivalent left regularizer, that Cx = f and (I − Al)x = Rlf have the same

solutions. In particular, Theorem 1.17 still applies for operators C with equivalent

left regularizers.

1.2.3 Existence-uniqueness example

In this section, we present an existence-uniqueness proof for an integral repre-

sentation of the solution to the interior Neumann problem of the Laplace equation.

This specific example is included because it demonstrates the use of Theorem 1.17

in a simple setting and it is somewhat non-standard.

Let Ω and Γ be as above, with Γ of class C2. We aim to solve the interior

Neumann problem

∆u = 0 in Ω , (1.47)

∂νu = g on Γ , (1.48)

for continuous data g. An application of the divergence theorem shows that the

data g must satisfy the compatibility condition
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∫
Γ

g(y) dS(y) = 0 , (1.49)

for a solution u to exist. Further, we have that solutions u are unique by Theorem

1.2.

To find u, we represent the solution as a single layer potential u = Sσ. Using

the jump relations of Theorem 1.11, we find that the boundary conditions imply

1

2
σ(x) + S ′σ(x) = g(x) (1.50)

for x on Γ.

We will make use of the following well-known results. A proof of the first can

be found in [28] and the second follows from standard multipole estimates.

Theorem 1.18. (Gauss’ theorem). For Γ of class C2,

∫
Γ

∂νyGL(x,y) dS(y) =


−1, x ∈ Ω

−1

2
, x ∈ Γ

0, x ∈ Ωe

. (1.51)

Lemma 1.19. If
∫

Γ
σ(y) dS(y) = 0, then Sσ(x)→ 0 as ‖x‖ → ∞.

Instead of (1.50), we consider the following integral equation for σ. Let

1

2
σ(x) + S ′σ(x) +Wσ(x) = g(x) , (1.52)

where

Wσ(x) =

∫
Γ

σ(y) dS(y) . (1.53)
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In the case that g satisfies the compatibility condition, the above results imply

that solutions of (1.52) satisfy
∫

Γ
σ(y) dS(y) = 0 and are therefore also solutions

to (1.50). Because W and S ′ are compact on C(Γ), Theorem 1.17 applies.

Let σv satisfy

1

2
σv(x) + S ′σv(x) +Wσv(x) = 0 . (1.54)

As noted above, this implies that
∫

Γ
σv(y) dS(y) = 0 and

1

2
σv(x) + S ′σv(x) = 0 . (1.55)

If v = Sσv, then v satisfies the interior Neumann problem with zero boundary

data. Therefore, v ≡ c in Ω. Because Sσv is continuous in R2, the potential v

satisfies the exterior Dirichlet problem with v ≡ c on Γ and v is bounded in Ωe.

Therefore, v ≡ c in Ωe. This implies that the jump in the normal derivative of

v is zero across the boundary Γ and by the jump conditions for the single layer

potential we have σv ≡ 0 on Γ.

By Theorem 1.17, we have that solutions of (1.52) exist and are unique.

1.2.4 Spectral properties

The following theorem is adapted from [39] and characterizes the spectrum of

a compact operator.

Theorem 1.20. Let A be a compact operator on an infinite dimensional Hilbert

space H. Then λ = 0 belongs to the spectrum σ(A) and the set σ(A) \ {0} is

countable with λ = 0 as the only possible accumulation point.
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A direct consequence of the above theorem is that the spectrum of β − A

clusters around β. Further, if β − A is invertible, the continuous operator has a

finite condition number. For a well-chosen discretization, the condition number of

the resulting linear system is bounded, independent of the mesh spacing and the

solutions of the integral equation are stable under perturbations.

1.3 Solving the homogeneous problem

In the previous sections, we have seen how to recast a homogeneous partial dif-

ferential equation as an integral equation through the use of layer potentials. While

the properties of the associated operators are indeed favorable to discretization,

the numerical solution of these equations requires some care. In particular, the

integral equations often include singular kernels which need non-standard quadra-

ture rules. We discuss some of the literature in this area in Section 1.3.1. Once

discretized, the result is a dense linear system. A näıve approach would require

O(N3) work for a system with N unknowns, which is undesirable for large-scale

problems. We discuss fast solution methods available for these systems in Section

1.3.2. Finally, once the solution of the integral equation is found, the layer poten-

tial must be evaluated inside the domain. This step can be difficult for evaluation

points near the boundary of the domain, as the integral kernel is near-singular.

We discuss methods for near boundary evaluation points in Section 1.3.3.

1.3.1 Discretization of integral equations

To discretize an integral equation for numerical solution, we use a Nyström

approach. In particular, we represent the data and the solution by their values at
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points on the curve Γ which are used for an integration rule [5, 39]. The Galerkin

method, by contrast, represents the data and the solution by their orthogonal

projections onto finite-dimensional subspaces (here, the underlying function space

is typically taken to be a Hilbert space). For more on the Galerkin method, see

[29, 39].

The basis of a Nyström method is a numerical quadrature of the integral oper-

ator on the curve Γ. Typically, different integration rules are required for smooth,

weakly singular, and singular integral kernels.

One popular scheme is to define points on the curve which are either equispaced

in arc length or equispaced in terms of an underlying parameterization. For smooth

integral kernels, the trapezoidal rule can be applied with spectral accuracy. The

locally compensated rules of [1] and [35] are available for weakly singular kernels,

with high order accuracy (e.g. 16th order). For certain singular integrals, the

alternating-point trapezoidal rule of [65] provides a spectrally accurate quadrature.

To facilitate adaptivity, we use quadrature rules based on dividing the curve

Γ into panels, with scaled Legendre nodes on each panel as collocation points.

For smooth integral kernels, the standard Gaussian quadrature rule is high order

accurate. For singular kernels, so-called generalized Gaussian quadrature rules can

be computed [11, 38, 44], which use optimization methods to design high order rules

that take the singularity into account.

For integral equations of the second kind, there are surprisingly strong state-

ments available concerning the condition numbers of the linear system resulting

from Nyström discretization. Adapted from [39] (see also, [3]), we have

Theorem 1.21. For the Nyström method applied to a second kind integral equa-

tion, the condition numbers for the linear system are uniformly bounded.
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This theorem hints that the linear systems arising from the Nyström method

are essentially as well-conditioned as the continuous integral operator they approx-

imate. Another consequence of this theorem is that there is no cost in terms of

stability in using more discretization points than necessary to resolve the problem.

1.3.2 Fast solution methods for boundary integral equa-

tions

Many integral equations, and their corresponding Nyström approximations,

have favorable spectral properties for solution with iterative solvers, e.g. the gen-

eralized minimum residual (GMRES) method of [64]. Such methods can be com-

bined with a fast matrix-vector multiplication routine to compute a solution of the

linear system, often with optimal computational complexity. The fast multipole

method [27] supplies a fast matrix vector multiplication routine, and with GM-

RES, results in a O(N) solution method, since the number of iterations required

is independent of N (a version of the FMM is described in Section 1.4).

For geometrically complex boundaries, however, the iterative solution methods

can behave poorly even if the number of iterations is formally independent of N .

In some settings, this problem can be circumvented with a sufficiently good pre-

conditioner. (See, for instance, the impressive Laplace solver of [50], which can

handle nearly arbitrary planar domains.) Another option for geometrically com-

plex problems is to avoid the problem of unpredictable iteration counts altogether

and make use of “fast direct solvers”.

A fast direct solver is characterized by a precomputation step which creates

a hierarchical data structure that permits the inverse of the given matrix to be

applied rapidly. For the solver to be considered fast, both the precomputation and
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the application of the inverse should have a computational complexity of O(Nα)

or O(N logN) for N discretization points, with 1 ≤ α < 2.

We will not review the fast direct solver literature here, but we will note that

the solvers for non-oscillatory problems can be divided into two broad categories.

Both categories make use of the fact that the off-diagonal blocks of system ma-

trices corresponding to integral equations are well-approximated using low rank

decompositions. This property is commonly referred to as the “data-sparsity” of

such systems. The first category uses the data-sparsity of the system and auxil-

iary variables to approximate the original system by a larger sparse system, which

can be solved rapidly using black-box routines. An example of such a solver is the

recursive-skeletonization scheme of [31], which uses the sparse LU package UMFPACK

[15, 16]. The second category of fast direct solvers do not leverage black-box rou-

tines for sparse systems. Instead, the solvers are tailored to the low rank structure

of the original linear system. An example of the second category is the method

of [2], which factorizes the system into a product of matrices, each of which can

be rapidly inverted using the Sherman-Woodbury-Morrison formula. Finally, we

note that the application of the inverse is typically much faster than the precom-

putation, so that fast direct solvers are particularly appealing in settings where

the solution is desired for many different right-hand-sides.

1.3.3 Evaluating layer potentials

Once the solution of an integral equation is computed, it remains to evaluate

the corresponding layer potential at the desired points in the domain. This step can

be complicated by the fact that the integral kernel is near singular for evaluation

points near the boundary of the domain. There have been recent developments
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in this area and we present some details of the quadrature-by-expansion (QBX)

method of [37] here. We mention also the approach developed in [6, 30, 51], which

can be more efficient than QBX, but is currently limited to two dimensions.

For concreteness, we consider the use of QBX to evaluate the single layer po-

tential for the Laplace equation, u = Sσ, where S is as defined in (1.37) and σ

is taken to be real valued. Let Γ be discretized into panels of Legendre nodes, as

in the case of a Nyström discretization of the integral equation for σ. Let Br(c)

(the disc of radius r > 0 about a point c) be contained in the domain and let the

potential u be given as the real part of a complex power series there about the

point c, i.e. let

u(x) = Re

(
∞∑
l=0

αl(z − ξ)l
)
, (1.56)

where x is in Br(c), z = x1 + ix2, and ξ = c1 + ic2. Using standard multipole

results, we have that

α0 = − 1

2π

∫
Γ

log ‖c− y‖σ(y) dS(y) , (1.57)

αl =
1

2πl

∫
Γ

σ(y)

(y1 + iy2 − ξ)l
dS(y) for l ≥ 1 . (1.58)

From here, the QBX method for evaluating Sσ is based on two observations.

The first is that for a center c sufficiently far from the boundary, the integrals for

the αl can be computed to high accuracy using the standard Gaussian weights on

Γ. The second is that if the sum in (1.56) is truncated after p terms, the error

for the exact coefficients αl is bounded by a constant times rp+1. This error is of

course small for small values of r. When using the truncated sum and approximate
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coefficients to evaluate at a point near the boundary, we see that these two sources

of error are in conflict, i.e. that if we move the center further from the boundary

to improve the computed αl, then the error due to rp+1 will increase.

The theoretical foundation for QBX is based on the following theorem (Section

4 of [18] and Theorem 1 in [37]).

Theorem 1.22. Let Γ be a smooth, bounded curve in the plane. Suppose that Br(c)

is a disc of radius r about c and that Br(c)∩Γ = x. Assume Γ is divided into panels

of length h with q ≥ 1 scaled Legendre nodes and let α̂l be the approximations of

the coefficients αl as defined in (1.57), (1.58) using the Gaussian quadrature rule

scaled to these panels. For 0 < β < 1, there are constants Cp,β and Cp,q,β such that

if σ is in the Hölder space Cp,β(Γ) ∩ C2q,β(Γ), then

∣∣∣∣∣Sσ(x)−
p∑
l=0

α̂l(z − ξ)l
∣∣∣∣∣ ≤ Cp,βr

p+1‖σ‖Cp,β(Γ) + Cp,q,β

(
h

4r

)2q

‖σ‖C2q,β(Γ) , (1.59)

where z = x1 + ix2 and ξ = c1 + ic2.

The theorem above makes the interplay of the two sources of error, the trun-

cation error and the quadrature error, explicit. In particular, if r = h we have an

error term of the form

Cp,βh
p+1‖σ‖Cp,β(Γ) + Cp,q,β

(
1

4

)2q

‖σ‖C2q,β(Γ) , (1.60)

so that the error is of order p + 1 up to the tolerance (1/4)2q. This bound does

not give a method which is convergent in the traditional sense, i.e. the error does

not tend to zero as h tends to zero, but rather the bound is proportional to the

absolute accuracy of the calculation (given by the second term) for small h. In
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many implementations of QBX, the density is oversampled on the panels in order

to make the second term more manageable. If a traditionally convergent method

is desired, one can take r =
√
h, for example.

The QBX method can be accelerated using the fast multipole method, as shown

in [62], and can be used for a variety of kernels.

1.4 Outline of a fast multipole method

In this section, we present an outline of the fast multipole method (FMM) on

a level-restricted tree. The discussion in this section follows the presentation of

[19] and is included here largely for subsequent reference. In particular, the new

FMMs discussed in this thesis are essentially the same in structure, so that those

algorithms are easily explained by highlighting their differences.

In [19], the FMM is used to compute the volume integral

u(x) = − 1

2π

∫
Ω

log(‖x− y‖)f(y) dy , (1.61)

where Ω is the unit box [−1/2, 1/2] × [−1/2, 1/2], for a continuous source distri-

bution f . For reasons explained below, the FMM is particularly efficient in terms

of work per grid point in this context and we will refer to such volume integral

codes as “box codes”. We will note places where this algorithm can be modified

to handle point sources, with some cost in efficiency.

As the components of the algorithm are described, we include relevant snippets

of pseudocode. These snippets are given in order and together form a pseudocode

for the FMM algorithm as a whole.
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1.4.1 Quad-tree and interaction lists

We assume that the domain Ω is to be divided into boxes and on each box

the density f will be represented by its values on a box-centered 4 × 4 grid of

equispaced collocation points (this can be generalized to higher order grids rather

simply, see [19] for details). In addition, the target points x in (1.61) are taken to

be these same collocation points. For the FMM, these boxes must be arranged in

a hierarchical division of space, in particular they are taken to be the leaf boxes of

a quad-tree. Let the computational domain Ω be the root box of the tree at level

0. A quad-tree is defined recursively, with new boxes at level l + 1 obtained by

subdividing a box at level l into four equal parts. New boxes created in this way

are called the children of the box from which they are subdivided (in turn, that

box is called their parent).

We allow boxes to be subdivided in an adaptive manner, normally determined

by how well the local tensor grid resolves the density f , i.e. if f is not resolved on

a given box, then subdivide. (For point sources, a common subdivision criterion is

to divide a box if it contains more than a certain maximum number of sources. In

this way, different regions of Ω are allowed to have different levels of refinement.)

In order to reduce the number of possible neighbor interactions, we impose the

restriction that no two leaf boxes which share a boundary point be more than one

refinement level apart. Such an adaptive tree is called level-restricted.

Following [19], we define several types of boxes relevant to a given box B in

the quad-tree.

Definition 1.1. • A colleague is a box at the same level as B which shares a

boundary point with B. A box is considered a colleague of itself.
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• For B a leaf box, a coarse neighbor is a leaf box at a refinement level coarser

than B’s which shares a boundary point with B.

• For B a leaf box, a fine neighbor is a leaf box at a refinement level finer than

B’s which shares a boundary point with B.

• The neighbors of B are given as the union over the colleagues which are leaf

boxes, coarse neighbors, and fine neighbors.

• For B a leaf box, the fine interaction list of B consists of any children of a

colleague of B which are not fine neighbors of B.

• The interaction region is the area covered by the neighbors of B’s parent

excluding the area covered by B’s neighbors.

• The interaction list consist of the boxes in the interaction region of B which

are at the same level as B or are leaf boxes at a coarser level than B.

• The coarse interaction list consists of those leaf boxes in the interaction list

which are at a coarser level than B.

See Figure 1.4.1 for an illustration. We also introduce the definition of a well-

separated box.

Definition 1.2. A box B′ is said to be well-separated from a given box B if its

interior does not intersect the interior of any of the colleagues or neighbors of B.

Any box in the interaction region of B is well-separated from B. The box

B is well-separated from boxes in the interaction list at the same level as B but

B is not well-separated from boxes in the coarse interaction list. The box B is
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well-separated from the boxes in its fine interaction list, but the boxes in the fine

interaction list are not well-separated from B.
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Figure 1.1: Adapted from [19]: an example of the possible local arrangement of
boxes for a leaf box Ωj. Per Definition 1.1, neighbor boxes are labeled with “n”,
boxes in the interaction list are labeled with “i”, and boxes in the fine interaction
list are labeled with “f”. The dotted lines indicate that some boxes outside the
neighbors may have children.

Denote the leaf nodes of the quad-tree by Ωi for i = 1, . . . ,M (this gives

N = 16M collocation points). Then, Ω = ∪Mi=1Ωi and

u(x) =
M∑
i=1

− 1

2π

∫
Ωi

log(‖x− y‖)f(y) dy . (1.62)
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Let x ∈ Ωj for some j. The box code computes (1.62) by adding the contributions

from neighbors of Ωj directly and using the FMM for the remaining summands.

Now that the data structure has been described, we fix the notation for the

pseudocode. Assume that we are given an adaptive hierarchical quad-tree struc-

ture with L levels for which Ω is the root box B0,0. Let the jth box at level l

be designated by Bl,j. Let a
(l,j)
i store the multipole coefficients for the density re-

stricted to Bl,j and b
(l,j)
i store the local expansion coefficients due to well-separated

interactions. Let c
(l,j)
k store the polynomial coefficients of the local approximation

to the density f if Bl,j is a leaf box.

1.4.2 Quadrature tables

The processing of local interactions is particularly fast for a box code in com-

parison with a standard FMM. This is because, up to scale, there are a limited

number of possible interactions, and these can be precomputed and stored. This

section describes how these interactions are handled.

For a leaf box B with center (ξ, η), let f denote the values of the density f on

the 4×4 grid of collocation points on B. Given the values f , it is simple to compute

a fourth order accurate approximation to f on B by performing a least squares fit

with functions of the form
∑

k ckpk(y1− ξ, y2−η), where the basis functions pk are

taken from the set {ym1 yn2 : m,n ≥ 0,m+ n ≤ 3} in the standard order (there are

10 such functions). The map from values f to coefficients c is the same for each

box (up to scale) and can be precomputed and stored.

Let B′ be a neighbor box of B and xq be a collocation point on B′. If φB is the

potential induced by the density f restricted to B, then we have, to fourth order,
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Algorithm 1 FMM on a level-restricted tree (initialization)

for all boxes Bl,j do
a(l,j) ← 0
b(l,j) ← 0
if Bl,j is childless then

compute coefficients c(l,j)

û(xq)← 0 for each grid point xq
end if

end for

φB(xq) = − 1

2π

∫
B

log(‖xq − y‖)f(y) dy (1.63)

≈
10∑
k=1

ck

(
− 1

2π

∫
B

log(‖xq − y‖)pk(y1 − ξ, y2 − η) dy

)
(1.64)

=
10∑
k=1

ckG
B
k (xq) . (1.65)

Because the logarithm satisfies

log(a‖x− y‖) = log(a) + log(‖x− y‖), (1.66)

the local interactions for any size box may be obtained from the local interactions

on a reference box by simple rescaling. Further, the 10 functions GB
k are only ever

evaluated at the 16 collocation points of each neighbor box. In all, there are only

16 × 10 possible values for the GB
k functions on each of the 9 possible colleague

interactions, 12 possible fine neighbor interactions, and 12 possible coarse neighbor

interactions. The values of the GB
k can therefore be precomputed for a reference

box with a high precision scheme and stored.

With these precomputations, the values of φB at the collocation points of B’s
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neighbors are obtained at the cost of a small matrix-vector multiply. This is in

contrast with schemes for computing (1.61) based, for example on unstructured

triangulations. In that setting, the local interactions may have to be computed by

an expensive adaptive integration technique. We also note that in the case of an

FMM with arbitrary point sources and targets this kind of precomputation is un-

available and the direct computation of these interactions involves more expensive

kernel evaluations on the fly.

1.4.3 Multipole and local expansions

For efficiently computing interactions between boxes which are not neighbors,

the FMM makes use of multipole and local expansions. In this section, we omit

proofs and present only the relevant results. For a thorough treatment, see [24, 27].

For such expansions, we will often associate a point in the real plane x = (x1, x2)

with the corresponding point x1 + ix2 in the complex plane.

Let B be a leaf box with center (ξ, η) and let ck be the coefficients of f restricted

to B, as in the last section. The potential φB induced by f restricted to B, has a

multipole expansion defined by

φB(x) = a0 log |z − w|+ Re

(
∞∑
l=1

al
(z − w)l

)
, (1.67)

where z = x1 + ix2 and w = ξ + iη and the coefficients al are given by

a0 = − 1

2π

∫
B

f(y) dy (1.68)

≈ − 1

2π

10∑
k=1

ck

∫
B

pk(y) dy , (1.69)
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al = − 1

2πl

∫
B

(y1 + iy2 − w)lf(y) dy (1.70)

≈ − 1

2πl

10∑
k=1

ck

∫
B

(y1 + iy2 − w)lpk(y) dy . (1.71)

Within the box code, the approximations noted above are used for the coefficients.

For x in a well-separated box, the error due to truncating the expansion (1.67)

after p terms and using the approximate ak is bounded by

(
1

2

)p
1

2π

∫
B

|f(y)| dy

+
1

2π

∫
B

log |x− y|
∣∣∣∣∣f(y)−

10∑
k=1

ckpk(y1 − ξ, y2 − η)

∣∣∣∣∣ dy . (1.72)

As in the case of the local interactions, many of the values needed to form the

multipole coefficients can be precomputed. Indeed, the values

∫
B

(y1 + iy2 − w)lpk(y) dy (1.73)

are the same for each box (up to scale) and can therefore be stored for some

reference box. This reduces the cost of forming the multipole coefficients to a

small (p+ 1)× 10 matrix-vector multiply.

For domains with irregular elements, these integrals would again have to be

handled on a case-by-case basis, though the integrand is no longer singular. In the

case of point sources, the contribution from each source would have to be computed

separately.

The potential induced by a charge density which is contained only in boxes

well-separated from a given box B can be represented by a local expansion ΨB on
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B. These expansions take the form of a power series

ΨB = Re

(
∞∑
k=0

bk(z − w)k

)
. (1.74)

In the FMM, the coefficients bk are obtained via translations of local expansion

coefficients at higher levels and applying multipole-to-local translation operators

to the multipole expansions of well-separated boxes in the interaction list.

1.4.4 Far field interactions and translation operators

The FMM relies on results from potential theory to translate both multipole

and local expansions and to convert multipole expansions into local expansions.

Together with the adaptive quad-tree structure, these results are what allow the

FMM to be an O(N) algorithm. Again, we omit the proofs and present some of

the relevant results for later reference. These results are drawn directly from [27].

For a box with children, the multipole coefficients due to the charge density

restricted to that box can be obtained from the multipole coefficients of its children.

The procedure for merging the coefficients of the children into coefficients for the

parent is based on the following formula for shifting the center of a multipole

expansion.

Lemma 1.23. (Adapted from Lemma 2.3 of [27].) Suppose that

φ(z) = a0 log(z − z0) +
∞∑
l=1

al
(z − z0)l

(1.75)

is a multipole expansion of the potential due to a charge density which is contained

inside the disc of radius R about z0. Then, for z outside the disc of radius R+ |z0|

about the origin
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φ(z) = b0 log(z) +
∞∑
l=1

bl
zl
, (1.76)

where b0 = a0 and

bl =

(
l∑

m=1

amz
l−m
0

(
l − 1

m− 1

))
− a0z

l
0

l
, (1.77)

using the standard notation for binomial coefficients. We also have the following

bound for the truncation error. With p ≥ 1,

∣∣∣∣∣φ(z)− b0log(z)−
p∑
l=1

bl
zl

∣∣∣∣∣ ≤ F/2π

1− (|z0|+R)/|z|

( |z0|+R

|z|

)p+1

, (1.78)

where F is the L1 norm of the density.

It is now possible to compute a multipole expansion for each box in the tree

hierarchy which represents the potential due to the charge density restricted to that

box. Starting from the lowest level and working up the tree, the expansion can

be formed by (a) calling the multipole formation procedure of the previous section

for a childless box or (b) merging the multipole expansions already computed for

the children of the given box.

Once all of the multipole expansions have been formed, we move on to forming

local expansions in each box. In the FMM, this accomplished using the following

formula for converting a multipole expansion into a local expansion.

Lemma 1.24. (Adapted from Lemma 2.4 of [27].) Suppose that a charge density

is contained inside the disc of radius R about z0 with |z0| > (1+c)R for some c > 1.

Let the multipole expansion due to this density be given as in Lemma 1.23. Then,
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Algorithm 2 FMM on a level-restricted tree (upward sweep)

for l = L, . . . , 0 do
for all boxes j on level l do

if box Bl,j is childless then
compute the multipole coefficients a(l,j) via (1.69) and (1.71)

else
merge multipole coefficients from children via Lemma 1.23

end if
end for

end for

this multipole expansion converges inside the disc of radius R about the origin and

can be represented by a power series there:

φ(z) =
∞∑
l=1

blz
l (1.79)

where,

b0 =
∞∑
m=1

am
zm0

(−1)m + a0 log(−z0) , (1.80)

and

bl =
1

zl0

(
∞∑
m=1

am
zm0

(
l +m− 1

m− 1

)
(−1)m

)
− a0

zl0 l
, (1.81)

for l ≥ 1. There is a similar error bound for this lemma, see [27] for details.

Suppose that the charge density is supported in a box and the evaluation points z

are taken in another. In the case that these two boxes are well separated from each

other, we have

∣∣∣∣∣φ(z)−
p∑
l=0

blz
l

∣∣∣∣∣ ≤ CF

(
1

2

)p
, (1.82)

35



where F is as in Lemma 1.23 and C is a constant.

Let B be a box in the tree hierarchy. For now, we assume that the part of

the local expansion in B due to boxes outside of the interaction region can be

obtained in a later step. Consider boxes in the interaction list which are at the

same level as B. The contribution to the local expansion for each box B′ in this

set can be computed by applying the multipole-to-local operation to the multipole

coefficients for B′.

Note that boxes in the coarse interaction list of B are necessarily leaf boxes and

not well-separated. The contribution due to a box B′ in the coarse interaction list

can be computed by observing that children of B′ would be well-separated from B.

It is therefore possible to compute multipole expansions for the “ghost” children

of B′ and convert those into local expansions on B.

Algorithm 3 FMM on a level-restricted tree (process interaction list)

for all boxes Bl,j do
for all boxes B′ in the interaction list of Bl,j do

if B′ is on the same level as Bl,j then
b(l,j) ← b(l,j) + contribution from B′ via Lemma 1.24

else
b(l,j) ← b(l,j) + contribution from B′ using “ghost” children

end if
end for

end for

Generally, the process of converting multipole expansions to local expansions

is one of the more expensive steps in the FMM. This is because (a) there can be

many (up to 27) such operations per box and (b) the translation operator is dense,

taking O(p2) work to map between expansions of length p. The implementation

of [19] makes use of plane-wave expansions which can be translated using O(p)

operations. The details are somewhat technical and we refer the interested reader
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to [19, 33].

Finally, we present the formula for translating local expansions.

Lemma 1.25. (Adapted from Lemma 2.5 in [27]) Let z0, z, and al for l =

0, 1, . . . , p be complex. Then

p∑
l=0

al(z − z0)l =

p∑
m=0

(
p∑

l=m

al

(
l

m

)
(−z0)l−m

)
zm . (1.83)

This formula is exact.

Suppose that for each box B in the hierarchy, the contribution of each box B′

in B’s interaction list to the local expansion for B has already been computed.

For boxes at level 2 and above, there are not any boxes outside the interaction

list. Therefore, the local expansion for boxes at these levels already includes the

contribution of all well-separated boxes. For a box B at level l, assume that

the local expansion of its parent includes the contribution from all well-separated

boxes. Then, by shifting the local expansion of the parent and adding it to the

local expansion at B due to boxes in B’s interaction list results in an expansion

at B due to all well-separated boxes. By passing down the levels of the tree, all of

the local expansions can be updated in this way.

Algorithm 4 FMM on a level-restricted tree (downward sweep)

for all boxes Bl,j do
for all boxes B′ in the interaction list of Bl,j do

if B′ is on the same level as Bl,j then
b(l,j) ← b(l,j) + contribution from B′ via Lemma 1.24

else
b(l,j) ← b(l,j) + contribution from B′ using “ghost” children

end if
end for

end for
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We note that the procedures and formulas from this section are unaffected by

whether the FMM is used for charge densities or point sources.

1.4.5 Computing the potential

For a box B, let φB be the multipole expansion due to the charge density

restricted to B and let ΨB be the local expansion due to all well-separated boxes.

For a leaf box Ωi, we denote the set of neighbors by

N (i) = {j : Ωj is a neighbor of Ωi} (1.84)

and the fine interaction list by

F(i) = {j : Ωj is in the fine interaction list of Ωi} . (1.85)

Let xq be a collocation point in Ωi. Then the value of u(xq) in (1.61) can be

approximated by the computed value û(xq) which results from the sum

û(xq) =
∑
j∈N (i)

10∑
k=1

c
(j)
k G

(j)
k (xq) +

∑
j∈F(i)

φΩj(xq) + ΨΩi(xq) . (1.86)

1.4.6 Error analysis

Let the function f̃ be defined by the piecewise polynomial approximation to f

on each leaf box, i.e., for x = (x1, x2) in Ωj with center (ξj, ηj),

f̃(x) =
10∑
k=1

c
(j)
k pk(x1 − ξj, x2 − ηj) . (1.87)
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Algorithm 5 FMM on a level-restricted tree (evaluating the potential)

for all boxes Bl,j do
if Bl,j is a leaf box then

for all collocation points xq do
û(xq)← û(xq) + local expansion due to b(l,j) evaluated at xq
for all neighbors Bl′,j′ do

û(xq)← û(xq) + local interaction due to c(l′,j′) using GBl′,j′ (xq)
end for
for all boxes Bl′,j′ in the fine interaction list do

û(xq)← û(xq) + multipole expansion due to al
′,j′ evaluated at xq

end for
end for

end if
end for

Also, let V f(x) denote the convolution (1.61) and Ṽ f(x) denote the approximation

computed via the FMM. If the FMM tolerance is set to ε (this is accomplished by

taking p sufficiently large, typically p ≈ log2(1/ε)), then

|û(xq)− u(xq)|
‖f̃‖∞

=

∣∣∣Ṽ f̃(xq)− V f̃(xq) + V f̃(xq)− V f(xq)
∣∣∣

‖f̃‖∞

≤ ε
‖f̃‖1

‖f̃‖∞
+ C(Ω)

‖f − f̃‖∞
‖f̃‖∞

≤ ε|Ω|+ C(Ω)
‖f − f̃‖∞
‖f̃‖∞

, (1.88)

where |Ω| denotes the area of the set Ω and

C(Ω) =
1

2π
max
x∈Ω

∫
Ω

|log ‖x− y‖| dy . (1.89)

This bound depends only on the values of the data f (as opposed to possibly

high order derivatives of f), the precision of the FMM, and the accuracy of the
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polynomial approximation. It is clear that for smooth f and uniform leaf boxes,

this bound implies fourth order convergence up to the tolerance ε.

1.4.7 Error estimates for non-smooth densities

Let’s perform a heuristic but more detailed analysis of the error bound (1.88)

for densities f which are not necessarily smooth on the box Ω. Using the standard

multi-index notation, let ∂α = ∂α1
x1
∂α2
x2

and |α| = α1 +α2. Then the differentiability

class Ck(A) of a domain A is defined to be the set of functions g such that ∂αg is

continuous for each α with |α| ≤ k, with the convention that C−1(A) is the set of

bounded functions which are possibly discontinuous. For a density f ∈ Ck(Ω) and

a uniform tree with leaf boxes of width h, let f̃ be the numerical approximation

to f as above, using interpolants of order n (degree n− 1) on each box. Standard

error estimates imply that

‖f − f̃‖∞ = O(hm) , (1.90)

where m = min(k, n). If the additional assumption is made that f is piecewise

Ck+l for some l > 0 (say that for a domain A ⊂ Ω, the density f ∈ Ck+l(A) and

f ∈ Ck+l(Ω \ A)) then theoretical results for one dimensional interpolation [47]

suggest that it’s reasonable to expect m = min(k + 1, n), and this is what is seen

in practice.

These bounds would suggest that the scheme should have O(1) error for a

piecewise smooth density which is discontinuous across some boundary, but this

is not the case. The bound (1.88) is too generous by using a constant determined

by the L1 norm of GL(x,y) = − log ‖x−y‖/2π, but other norms are available. In
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fact, if GL(x, ·) ∈ Lr(Ω) for all x ∈ Ω, then

|V f(x)− Ṽ f̃(x)| ≤ |V f̃(x)− Ṽ f̃(x)|+ |V (f̃ − f)(x)|

≤ ε‖f̃‖1 + C(Ω, r)‖f̃ − f‖q , (1.91)

where 1/r + 1/q = 1 and the constant C(Ω, r) is given by

C(Ω, r) = max
x∈Ω

(∫
Ω

|GL(x,y)|r dy
)1/r

.

In particular, the bound (1.91) holds with r = 3/2 for both the Green’s function

GL and its first-order derivatives. Therefore, the order of accuracy of the scheme

is bounded by the order of accuracy of ‖f − f̃‖3 up to the tolerance ε.

Using the bound (1.91) with r = 3/2, we can establish a higher order of accuracy

for piecewise smooth densities f . For concreteness, let Ω be the unit box and f be

piecewise smooth on a subdomain A and its complement Ω \ A, with f ∈ Ck(Ω)

globally. Consider a uniform tree on Ω with N leaf boxes Ωi of width h (so that

N = 1/h2). Let I = {i : Ωi intersects ∂A} be the set of indices of leaf boxes

which intersect ∂A. Under mild assumptions on the boundary ∂A, the set I has

O(1/h) indices. By construction, f is smooth for the O(1/h2) leaf boxes Ωi such

that i 6∈ I. If m = min(k + 1, n), then

‖f − f̃‖3 ≤
∑
i 6∈I

‖f − f̃‖L3(Ωi) +
∑
i∈I

‖f − f̃‖L3(Ωi) (1.92)

≤
∑
i 6∈I

h2‖f − f̃‖L∞(Ωi) +
∑
i∈I

h2‖f − f̃‖L∞(Ωi) (1.93)
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= h2(N − |I|)O(hn) + h2|I|O(hm) (1.94)

= O(hn) +O(hm+1) . (1.95)

In particular, the above implies that the error in the volume integral is O(hm
′
),

where m′ = min(k + 2, n).

The above results show that the volume integral for a box code with a uniform

tree and piecewise smooth density should converge with first order accuracy for

globally discontinuous functions, with second order accuracy for globally continu-

ous functions, and so on. We are interested in results for piecewise smooth functions

which are globally Ck because we will eventually compute volume integrals using

piecewise polynomial approximations of f , where we have used function extension

to enforce global smoothness up to some order. Because the algorithm is adaptive,

additional efficiencies can be achieved by using highly refined discretization along

the user-specified boundary or in other regions where the local smoothness is not

sufficient for the uniform order of accuracy estimates to apply.

From the inequality (1.92), it is clear that it’s the smoothness of f on individual

boxes which affects the pointwise error of the volume potential (1.91). However,

the pointwise error is not the whole story for accuracy. Indeed, the potential V f ,

in addition to the density f , should be resolved by its polynomial interpolants on

the leaf boxes of the adaptive quad tree. If f is smooth and well resolved on the

individual leaf boxes but discontinuous from box to box, then the potential V f

might not be well resolved on those same boxes. Therefore, the global smoothness

of f , even as a function on R2, is of concern.
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1.5 Summary and Discussion

In the previous sections, we have discussed the salient features of integral-

equation methods, including the underlying theory for integral representations and

fast solution methods. The methods are robust to perturbations in the solution and

over-discretization of the domain. In many cases, the available tools have optimal

computational complexity and straightforward error estimation. Integral-equation

methods for inhomogeneous PDEs have also been shown to be amenable to modern

computing environments, see, inter alia, [45, 46], and there is good reason to believe

that such methods will be the basis of next-generation computational tools for

simulation and design.
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Chapter 2

Function extension via layer

potentials

In the previous chapter, the groundwork was laid for using integral-equation

methods to solve homogeneous boundary value problems in complex geometries

and to solve inhomogeneous problems in free space with piecewise smooth data.

These methods can be used together to obtain the solution of inhomogeneous prob-

lems in complex geometries, made especially efficient by using function extension.

For the necessary volume integrals, we will rely on “box codes” as described in

Section 1.4 together with error estimates discussed in Section 1.4.7. For the sake

of simplicity, we limit our discussion to the Poisson equation. Other constant

coefficient PDEs are handled in the analogous fashion. The rest of the chapter ex-

amines the problem of function extension, with a brief survey of existing schemes,

a description of our new method for global function extension, and some details

concerning the numerical implementation.
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2.1 Integral equations for inhomogeneous PDEs

Let u be a solution to the Poisson equation with Dirichlet boundary conditions,

i.e.

∆u = f in Ω , (2.1)

u = g on ∂Ω , (2.2)

for a density f and boundary data g.

As noted in the introduction, the standard potential theory-based approach to

compute the solution of (2.1), (2.2) is based simply on the fact that the problem

is linear. The first step is to calculate a particular solution, i.e. a function v which

satisfies only the first condition (2.1). A natural candidate for v is given by

v(x) =

∫
Ω

GL(x,y)f(y) dy, (2.3)

where G(x,y) is the free-space Green’s function for Poisson’s equation. Once v

has been computed, the second step is to compute a homogeneous solution with

appropriate boundary conditions. In particular, one solves the following Dirichlet

problem

∆uH = 0 in Ω (2.4)

uH = g − v|∂Ω on ∂Ω. (2.5)
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The solution to (2.1), (2.2) is then the sum u = v + uH .

In the previous chapter, a box code was used to compute (2.3) in the case that

Ω is a box. For a domain Ω which is not a box, a box code can still be used to

obtain a particular solution. One simply chooses a box ΩB such that Ω ⊂ ΩB

and finds an extension fe of the function f which is defined on ΩB and satisfies

fe|Ω = f . Based on the analysis of Subsection 1.4.7, the extension fe should ideally

be as smooth as possible, both on leaf-boxes and as a function on R2. With such

an extension, a particular solution is given by

v(x) =

∫
ΩB

GL(x,y)fe(y) dy , (2.6)

which can be computed using the method of the previous chapter.

We note that function extension, in this setting, is only necessary because the

computational elements are regular in the box code and do not conform to the

domain. For a discretization which conforms to the domain, say with cut cells,

there is no need to extend the function beyond the domain. However, there are

serious drawbacks to the use of cut cells (or any irregular computational elements)

when evaluating (2.3). The corresponding FMM would not have the efficiencies

available to a box code, which depend on the regularity of the grid. Further, the

numerical quadrature for local interactions would be much more difficult as the

interactions for the cut cells would have to be handled individually with computa-

tionally expensive adaptive quadrature.
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2.2 Related ideas and existing work

The idea of using a code designed for regular domains to solve problems on a

more geometrically complex domain has a long history in numerical methods. The

immersed boundary method [54] was developed for fluid-structure interactions and

treats a problem with a complex boundary by embedding it in a regular domain.

The effect of the boundary is accounted for using mollified delta functions and

the method was traditionally limited to low orders of accuracy. In the recent

work [66], high order immersed boundary methods were presented which view

the solution as a smooth function extended beyond the boundary of the domain.

Indeed, the extended solution of [66] is viewed in much the same way as the

extended density in the method presented below: as the solution of an appropriate

polyharmonic equation. This results in an extended system for the solution in the

regular domain, which includes unknown parameters to determine the nature of

the extended solution.

Related to these ideas is the method of Mayo et al. [48], which also treats

a domain with a complex boundary by embedding it in a regular domain. In

this method, knowledge of the jumps in the solution across the boundary of the

domain is used to modify a standard finite difference stencil so that higher orders

of accuracy can be maintained. In the EBI method of [9, 10], the process of [48]

was extended to fluids problems.

Because the above methods typically rely on a standard finite difference scheme,

they are somewhat complicated to implement adaptively and still require non-

trivial fast solvers. Box codes, on the other hand, are fast, adaptive and direct

without the need to solve any linear system of equations.

In previous box code schemes for irregular domains, two techniques were used.
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The first simply sets the density fe to be zero outside the domain. In this case, the

function fe is as smooth as the original density f inside the domain and smooth

outside the domain, as it is a constant. Therefore, the estimates for piecewise

smooth functions apply and we see that the scheme should converge and is O(h)

for a uniform tree with boxes of width h (again, the box code can be more efficient

in terms of degrees of freedom than the uniform case by using an adaptive tree).

The second method uses local polynomial approximations to f to extrapolate

f outside the domain over short distances (see [43]). This method results in a

smooth fe on each individual leaf box but has no guarantees of smoothness across

boxes. Because there can be discontinuities in fe near the original domain, the

computed potential V fe has nearby singularities on those boxes. This issue seems

to be unavoidable in local extrapolation methods and it is for this reason that we

seek a global extrapolation method which increases the order of accuracy without

excessive adaptive refinement.

2.3 A simple observation

The following is a simple method for computing a global extrapolation of the

density f from its domain of definition Ω to ΩB. Let w solve the PDE

∆w = 0 in R2 \ Ω , (2.7)

w = f on ∂Ω , (2.8)
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subject to the condition that w(x) is bounded as ‖x‖ → ∞. Then, the function

fe defined by

fe(x) =

 f(x) for x ∈ Ω

w(x) for x ∈ ΩB \ Ω
(2.9)

is globally continuous, as smooth as f on Ω, and smooth on Ω2 \ Ω. While this

seems at first glance like a computationally expensive way to extrapolate f , the

analytical and numerical machinery required to solve this problem is the same as

that required to solve the harmonic problem (2.4), (2.5) which is used to enforce

the boundary condition of the original Poisson problem (2.1), (2.2).

The method can also be generalized to compute globally Ck extrapolations of

f by solving polyharmonic equations. For example, a C1 extrapolation can be

computed by solving the following biharmonic problem:

∆2w = 0 in R2 \ Ω , (2.10)

w = f on ∂Ω , (2.11)

∂νw = ∂νf on ∂Ω , (2.12)

with |w(x)| = O(|x|2) and |∇w(x)| = O(|x|) as |x| → ∞. Once w is computed,

fe is defined as above. While the methods are not as well developed as in the

Laplace case, there exist similar potential-theory based integral equations and fast

solution methods for the biharmonic problem. See, for instance, the thesis [21] and

the approach of [63] which leverages the Sherman-Lauricella integral equations for

elasticity. There are two main reasons to avoid extrapolations using a polyharmonic
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function of higher order than the biharmonic: (1) the requirement to provide high

order derivatives of the data f at the boundary and (2) diminishing returns because

of the power of adaptive refinement.

We also note the following possibility for the extension of a divergence-free

vector field. Let b be a divergence-free field on Ω. Then, if w is a solution of

α2w −∆w = −∇p in Ω2 \ Ω , (2.13)

∇ ·w = 0 in Ω2 \ Ω , (2.14)

w = b on ∂Ω ∩ ∂Ω2 , (2.15)

w = 0 on ∂Ω2 \ ∂Ω , (2.16)

we can use w to define an extension be as above which is globally continuous and

divergence-free on the sets Ω and Ω2 \ Ω. Tools for computing w are presented in

Chapter 4.

2.4 Convergence rates

We investigate the effect of function extension on the observed convergence

rate of a box code in a simple setting. Let Ω be the unit disc and ΩB be the box

[−2, 2] × [−2, 2]. We consider the Poisson problem for an exact solution u(x) =

x2
1/2 + x1 + x2 + 5, for which the right hand side f is the constant 1. We extend

f beyond the disc in three ways: (1) extension by zero, (2) continuous (but not

C1) extension, and (3) smooth extension. Such extensions are easy to obtain by

setting fe = 0, fe =
√
x2

1 + x2
2(1− log

√
x2

1 + x2
2), and fe = 1 outside the domain,
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respectively.

We enforce the boundary conditions by solving the appropriate homogeneous

problem using a double layer potential formulation. In Table 2.1, we report the

maximum error Ei of the results computed with these extension methods for a

given number number of grid points Ni arranged in a uniform tree. We see that

the continuous extension outperforms the extension by zero dramatically, in terms

of accuracy and convergence rate. The observed convergence rate is actually a little

faster than the first order convergence (for extension by zero) and second order

convergence (for continuous extension) predicted by the bounds of the previous

chapter. For the smooth extension, high accuracy and fourth order convergence

are observed, as expected.

Zero extension Continuous extension Smooth extension
Ni Ei Ei/Ei+1 Ei Ei/Ei+1 Ei Ei/Ei+1

16 · 4 2.535E-004 6.650 3.128E-006 10.27 4.267E-006 13.25
16 · 42 3.812E-005 4.150 3.045E-007 6.037 3.218E-007 15.02
16 · 43 9.185E-006 3.499 5.045E-008 26.79 2.142E-008 15.58
16 · 44 2.624E-006 3.562 1.883E-009 7.550 1.375E-009 15.53
16 · 45 7.367E-007 3.463 2.494E-010 16.13 8.848E-011 11.40
16 · 46 2.127E-007 N/A 1.545E-011 N/A 7.759E-012 N/A

Table 2.1: Convergence rates for extension by zero, continuous extension, and
smooth extension.

2.5 Numerical implementation of continuous ex-

tension

The integral-equation methods used to compute the continuous extension via

(2.7), (2.8) are largely standard. In this section, we present the representation

for the extension, the corresponding integral equation, and a new method used to
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evaluate the extension at arbitrary points of ΩB \ Ω. In the following, we assume

that Ω is simply connected but the ideas apply to multiply connected domains in

a straightforward manner.

2.5.1 Layer potential representation of the extension

We represent w as a double layer potential, as defined in (1.41), in the exterior

of Ω, i.e. we set w = Dµ for an unknown density µ given on ∂Ω. It is well known

that the double layer potential cannot represent all bounded harmonic potentials

in an exterior domain (as it necessarily decays) but the representation can be made

complete by adding a constant term. We set w = (D +W )µ where

Wµ(x) =

∫
∂Ω

µ(y) dS(y) . (2.17)

2.5.2 Boundary integral equation

Using the jump conditions (1.43), we find that the boundary conditions for w

impose the following integral equation

1

2
µ(x0) +Dµ(x0) +Wµ(x0) = f , (2.18)

where W is the operator W restricted to the boundary and x0 is on the boundary

∂Ω. This is a second-kind integral equation and the Fredholm alternative applies.

The invertibility of this equation follows standard arguments. In [28], a proof

of existence-uniqueness is worked out for the three dimensional analogue of this

problem.

For the case of a smooth domain, the discretization of this integral equation
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is particularly simple, as the integral kernel has a removable singularity. We use

the Nyström method with panels of scaled Legendre nodes and standard Gaussian

quadrature weights. In order to compute the solution of the resulting linear system,

we use the fast direct solver of [31].

2.5.3 Layer potential evaluation with quadrature by ex-

pansion

While a standard solution procedure can be used to compute the density cor-

responding to the extension, the requirements for evaluating the layer potential

can be somewhat non-standard. This is because, in an adaptive setting, the grid

points at which the values of the layer potential are desired may not be known a

priori. Therefore, we have developed a variant of QBX (quadrature by expansion),

which performs a precomputation and then allows for O(1) access to the values of

the potential at arbitrary locations.

2.5.3.1 QBX and the FMM

In order to obtain a fast implementation of QBX, we couple it to the FMM.

There are many options for doing this and we present a simple one here. For a

method which makes fewer assumptions about the discretization of the boundary,

see [62].

For concreteness, we consider the use of QBX to evaluate a single layer potential

u = Sσ for a curve Γ, where S is as defined in (1.37). Let c be a QBX center

located at a distance r from the boundary. In the QBX method, the potential u

is approximated by a power series in the disc Br(c), i.e.
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u(x) = Re

(
p∑
l=0

αl(z − ξ)l
)
, (2.19)

where x is in Br(c), z = x1 + ix2, and ξ = c1 + ic2. Using standard separation of

variables on the circle of radius r/2 about c, we have

αl =
2l

2πrl

∫ 2π

0

u

c +
r

2

cos θ

sin θ


 e−ilθ dθ . (2.20)

To compute the αl numerically, let Γ be discretized into panels with q scaled

Legendre nodes on each. For simplicity, we assume that the panels are all of the

same length h. We also assume that Br(c) intersects Γ for at most one point.

Then, the bounds for the quadrature error for computing u on ∂Br/2(c) are of the

same form as the estimates in [18]. Let û(y) be the computed value of u using

the smooth Gaussian quadrature rule for each panel. If σ is in the Hölder space

Cp,β(Γ) ∩ C2q,β(Γ), then there exists a constant Cq,β such that

|û(y)− u(y)| ≤
(
h

2r

)2q

‖σ‖C2q,β(Γ) , (2.21)

for y on ∂Br/2(c). We can then evaluate û for MQBX equispaced points on the

circle ∂Br/2(c) and use the trapezoidal rule to compute the αl as in (2.20), with

exponential convergence in MQBX . For sufficient sampling, MQBX should be taken

larger than 2p.

Using this procedure for computing the coefficients αl, it is clear how to accel-

erate QBX with the FMM. Let the boundary nodes be given by xi and the smooth

Gaussian weights by wi. Then, the MQBX values for each expansion center can be

computed with a standard FMM call, with point charges of strength σ(xi)wi at
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each boundary node xi (often, the boundary points are over-sampled to increase

the accuracy of the computed coefficients).

2.5.3.2 Evaluating layer potentials at arbitrary locations in constant

time

Suppose first that we would like to evaluate the single layer potential u = Sσ

at a set of target points ti for i = 1, . . . ,Mt, which can be close to the boundary

Γ. Let Γ be discretized as in the previous section, with N points xi and weights

wi. Denote the outward normal to the boundary at the point x by ν(x). Then,

the following steps compute the potential at each target using the QBX rule for

near-boundary targets.

• Place N QBX centers at the points ci = xi − hν(xi).

• Define MQBX equispaced points yi,j for j = 1, . . . ,MQBX on the circle of

radius h/2 about each center ci.

• Call the FMM with charges of strength σ(xi)wi located at the boundary

points and targets given by the union of the ti and the yi,j. This is a

O(NMQBX +Mt) procedure.

• Compute the coefficients αl for each center as in (2.20), using the trapezoidal

rule. This takes O(NMQBX logMQBX) work for MQBX > p using the FFT.

• For each target which is within h/2 of the boundary, let ci be the nearest

QBX center. The smooth rule might not be accurate for this target, so

instead use the value given by the power series about ci as in (2.19). The

cost for this is O(p) per target.
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Suppose now that the above steps have been completed and that we would like

to evaluate the potential for a new target t. If the target is near to the boundary,

the potential can be computed using the expansion about the nearest QBX center.

However, if the target is further from the boundary it seems that the FMM would

need to be called again to compute the potential. It is easy, however, to modify

the FMM so that it only needs to be called once.

In the following, we use the notation of Section 1.4 for the FMM. Suppose that

the target t is contained in the leaf box Ωi of the FMM hierarchy. For Ωi, we

denote the set of neighbors by

N (i) = {j : Ωj is a neighbor of Ωi} (2.22)

and the fine interaction list by

F(i) = {j : Ωj is in the fine interaction list of Ωi} . (2.23)

The value of the potential at the target t is computed as the sum

û(t) = − 1

2π

∑
j∈N (i)

∑
k:xk∈Ωj

log ‖t− xk‖σ(xk)wk

+
∑
j∈F(i)

φΩj(t) + ΨΩi(t) , (2.24)

where φΩj is the multipole expansion due to the charges in a box and ΨΩi is the

local expansion. We note that typically there will not be any boundary points in

the neighbor boxes for such a target so that the first part of the sum (2.24) is zero.

In a single call to the FMM, the multipole and local expansion coefficients can

be computed for all boxes in the hierarchy. Therefore, if these coefficients are
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stored for the initial call to the FMM, the value at a new target t can be evaluated

in O(pFMM) work, where pFMM is the order of the multipole and local expansions

in the FMM.

57



Chapter 3

On-the-fly quadrature for the

Yukawa potential

As noted in Chapter 1, the solution to the Yukawa problem (or the modified

Helmholtz problem) in free-space is given by convolution with the fundamental

solution. If f is smooth and compactly supported, then

u(x) =
1

2π

∫
R2

K0(λ‖x− y‖)f(y) dy , (3.1)

where K0 is the modified Bessel function of the second kind, solves

−∆u+ λ2u = f , (3.2)

with u(x)→ 0 as ‖x‖ → ∞.

In Section 1.4, we outlined a particularly efficient fast multipole method, based

on [19], for computing a similar convolution in the case of the Poisson equation. We

refer to such schemes as “box codes” and note that, in terms of the integral kernel,
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their speed depends on the ability to manipulate multipole and local expansions

to evaluate the far field and the ability to infer local interaction tables based on

a few precomputed values (as the name implies, much of the efficiency is due to

the way the domain and density f are discretized). The authors of [13] described

and implemented a box code for the Yukawa equation, following the presentation

of [19]. For the simulations in this thesis, we use the FMM adapted to the Yukawa

potential as in [13] but with a new approach to the local interaction tables.

In Section 3.1, we discuss some of the salient features of the method presented

in [13], with a focus on the differences between a box code for the Yukawa equation

and one for the Poisson equation. We explain that the approach to generating local

interaction tables of [13], which is very fast and largely based on precomputation,

has some downsides and argue for an on-the-fly approach to table generation. Such

an approach is described in Section 3.2 and should be of interest in more general

settings.

3.1 A Yukawa box code

The box code for computing (3.1) differs from the one presented in Section 1.4

primarily in terms of the functions used for the multipole and local expansions of

the potential. We present the relevant theorems from [13].

Theorem 3.1. (Graf’s addition theorem, see [17] section 10.23.) Assume the

polar coordinates for the points x = (x1, x2) and y = (y1, y2) are given by (ρx, θx)

and (ρy, θy), respectively. If ρx > ρy, then

K0(λ‖x− y‖) =
∞∑

l=−∞

Kl(λρx)Il(λρy)e
il(θx−θy) , (3.3)
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where Il and Kl are the modified Bessel functions of order l of the first and second

kind, respectively.

With the above theorem it is clear how to form the multipole coefficients as in

(1.69), (1.71). Instead of integrating the density against zl, one integrates against

Il(λρ)eilθ. We note that the scaling is not as simple as in the Poisson case and that

the map from the coefficients of the density to the multipole coefficients must be

computed for each level of the tree, rather than once.

The translation of a multipole expansion and the conversion of a multipole

expansion into a local expansion are also based on Graf’s addition theorem. We

have

Theorem 3.2. (Adapted from [13].) Suppose that

φ(x) =
∞∑

l=−∞

alKl(λρ
′)eilθ

′
, (3.4)

where (ρ′, θ′) are the polar coordinates of x with respect to the point x0, is a multi-

pole expansion of the potential due to a charge density which is contained inside the

disc of radius R about x0. Let (ρ0, θ0) be the polar coordinates of x0 with respect

to the origin. Then, for x outside the disc of radius R + ρ0, we have

φ(x) =
∞∑

l=−∞

blKl(λρ)eilθ , (3.5)

where (ρ, θ) are the coordinates of x with respect to the origin and the translated

coefficients are given by

bl =
∞∑

m=−∞

amIl−m(λρ0)e−i(l−m)θ0 . (3.6)

60



Theorem 3.3. (Adapted from [13].) Suppose that

φ(x) =
∞∑

l=−∞

alKl(λρ
′)eilθ

′
, (3.7)

where (ρ′, θ′) are the polar coordinates of x with respect to the point x0, is a mul-

tipole expansion of the potential due to a charge density which is contained inside

the disc of radius R < |x0| about x0. Let (ρ0, θ0) be the polar coordinates of x0

with respect to the origin. Then, for x within the disc of radius ρ0 −R, we have

φ(x) =
∞∑

l=−∞

blIl(λρ)eilθ , (3.8)

where (ρ, θ) are the coordinates of x with respect to the origin and the translated

coefficients are given by

bl =
∞∑

m=−∞

am(−1)mKl−m(λρ0)e−i(l−m)θ0 . (3.9)

As in the FMM for the Poisson kernel, computing the multipole to local trans-

lations is one of the most expensive steps. This can be sped up by representing

the multipole expansions by equivalent plane-wave expansions, which can be trans-

lated using O(p) operations for an expansion of length p. Again, the details are

somewhat technical and we refer the interested reader to [13, 33].

The translation of local expansions is based on the following theorem.

Theorem 3.4. (Adapted from [13].) Suppose that

Ψ(x) =
∞∑

l=−∞

alIl(λρ)eilθ , (3.10)

where (ρ, θ) are the polar coordinates of x with respect to the origin, is a local ex-
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pansion for a parent box centered at the origin. Let (ρ0, θ0) be the polar coordinates

of the center x0 of a child box with respect to the origin. Then, for x inside the

child box, we have

Ψ(x) =
∞∑

l=−∞

blIl(λρ
′)eilθ

′
, (3.11)

where (ρ′, θ′) are the coordinates of x with respect to the child’s center x0 and the

new local expansion coefficients are given by

bl =
∞∑

m=−∞

amIl−m(λρ0)e−i(l−m)θ0 . (3.12)

Using the above theorems, the far field interactions can be carried out as in

Section 1.4. We would like to use precomputed tables of values for the local

interactions, as we did for the Poisson kernel. For a leaf box B with center xB =

(ξ, η), let f denote the values of the density on the 4× 4 grid of collocation points

on B. We map these values to coefficients ck of the 10 polynomials pk as before.

Let B′ be a neighbor box of B and xq a collocation point on B′. If φB is the

potential due to the density f restricted to B, then we have

φB(xq) =
1

2π

∫
B

K0(λ‖xq − y‖)f(y) dy (3.13)

≈ 1

2π

10∑
k=1

ck

∫
B

K0(λ‖xq − y‖pk(y1 − ξ, y2 − η) dy (3.14)

=
10∑
k=1

ckG
B
k (xq;λ) . (3.15)

Let D denote the unit box centered at the origin and let h be the side length of
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B. Then

GB
k (xq;λ) =

1

2π

∫
B

K0(λ‖xq − y‖pk(y1 − ξ, y2 − η) dy (3.16)

=
hm(k)+2

2π

∫
D

K0(λh‖(xq − xB)/h− y‖pk(y1, y2) dy (3.17)

= hm(k)+2GD
k ((xq − xB)/h;λh) , (3.18)

where m(k) is the total degree of pk. We see that the local interaction tables must

be computed for each possible box size h in the tree hierarchy, i.e. we require a

distinct set of interaction tables for each level of the tree.

In [13], the computation of the local interaction tables is based on the observa-

tion that the entries in these tables are smooth functions of the parameter λ̃ = λh.

Therefore, the tables are precomputed for a large number of values of λ̃, taken as

scaled Legendre nodes on intervals of the real line. The table for a given λ̃ is then

interpolated from these values. This is a fast process once the precomputation

has been performed (and the result can even be stored in a file) but the stor-

age requirements are quite large and seem unfavorable for a modern distributed

computing environment. Further, for complex values of the parameter, including

the Helmholtz equation, or for local interactions in three dimensions, the storage

requirements would be even greater.
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3.2 On-the-fly computation

3.2.1 Tables via multipoles

We develop here an on-the-fly approach to building local interaction tables.

Let D be the unit box centered at the origin. Suppose that D is divided into 64

equal size boxes, as in Figure 3.2.1. Note that each of the collocation points of

the colleague box is well-separated from all 64 of the smaller boxes. Further, each

collocation point of D is well-separated from all but 4 of the smaller boxes.
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Figure 3.1: The unit box and a colleague. The collocation points are denoted by
black dots and the origin is denoted by a gray dot.

To compute the values of GD
k (xq; λ̃) for a given λ̃, we begin by forming the

multipole expansions due to the polynomial pk restricted to each of the 64 smaller

boxes. For each of the collocation points xq on the colleagues of D, the values

of GD
k (xq; λ̃) can then be computed simply by evaluating the sum of these 64

multipole expansions (the same is true of the collocation points on a neighbor box

at a coarser discretization level). For collocation points on fine neighbors of D, we

note that all but 4 of the collocation points are well-separated from all 64 smaller

boxes, so the same procedure can be used for these. The remaining points can be
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handled by dividing the boxes along the border of D each into 4 smaller boxes and

then using a similar approach.

Of course, there is a lot of symmetry in these tables which can be exploited. In

particular, many of the colleague, fine neighbor, and coarse neighbor interactions

can be determined given the values for only a subset of these interactions. Using

symmetry in this way results in significant speed-up. Much of the above can also

be accelerated by using a hierarchical strategy in the spirit of the FMM. We found

that this was largely unnecessary in two dimensions, as the speed of the brute force

computation was acceptable, but this may be of use in three dimensions and for

higher order interpolation nodes. Finally, we note that the interaction tables for

derivatives of the kernels can be computed for these points by taking derivatives

of the multipole expansions.

3.2.2 Self interactions

To finish the computation for the collocation points on D itself, we note that

what remains is the influence of the 4 nearest small boxes for each of the collocation

points. By rescaling, this interaction is given by a linear combination of the values

of

1

2π

∫
D

K0(λ′‖y‖)pk(y1, y2) dy , (3.19)

for k = 1, . . . , 10 and λ′ = λ̃/4. We present a hybrid approach to computing these

values, with different techniques for different regimes of the parameter λ′.

For 0 < λ′ < 1 and r < 1, the power series
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Kn(λ′r) = 2n−1

(λ′r)n

n−1∑
k=0

(n− k − 1)!

k!
(−1)k

(
λ′r
2

)2k
+ (−1)n+1 log

(
λ′r
2

)
In(λ′r)

+ (−1)n (λ′r)n

2n+1

∞∑
k=0

(ψ(k + 1) + ψ(n+ k + 1))

(
λ′r
2

)2k

k!(n+ k)!
,

(3.20)

where ψ denotes the digamma function, converges rapidly. The In also have a

rapidly convergent power series given by

In(λ′r) =
(
λ′r
2

)n ∞∑
k=0

(
λ′r
2

)2k

k!(n+ k)!
. (3.21)

For reference, see chapter 10 of [17]. We can then use a few terms of the power

series for K0 to approximate K0 to high accuracy. The terms in the power series

of K0 are of the form (λ′r)2k log(λ′r) and (λ′r)2k. For r = ‖y‖ these terms are

polynomials or a logarithm times a polynomial. We have the following analytical

formulas for integrals of functions of this form.

Lemma 3.5. Let p(y1, y2) = ym1
1 ym2

2 , for integers m1 and m2. If either m1 or m2

is odd, then

∫
D

p(y1, y2) dy = 0 (3.22)∫
D

log(x2 + y2)p(y1, y2) dy = 0 . (3.23)

If m1 = 2l1 and m2 = 2l2, then

∫
D

p(y1, y2) dy =
1

(m1 + 1)(m2 + 1)2m1+n1
, (3.24)∫

D

log(y2
1 + y2

2)p(y1, y2) dy =
a(l1, l2) + b(l1, l2) + c(l1, l2)

d(l1, l2)
, (3.25)
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where

a(l1, l2) =
1

4
(2l1 + 1)

(
ψ
(

3
4

+ l2
2

)
− ψ

(
1
4

+ l2
2

))
, (3.26)

b(l1, l2) =
1

4
(2l2 + 1)

(
ψ
(

3
4

+ l1
2

)
− ψ

(
1
4

+ l1
2

))
, (3.27)

c(l1, l2) = −(1 + l1 + l2) log 2− 2l1 + 1

2l2 + 1
− 2l2 + 1

2l1 + 1
− 1 , (3.28)

d(l1, l2) = (1 + l1 + l2)(2l1 + 1)(2l2 + 1)22l1+2l2 . (3.29)

With the above formulas, the integrals of the form (3.19) can be computed

rapidly for 0 < λ′ < 1. We can take a similar semi-analytic approach for large

values of λ′. The function K0(λ′r) decays exponentially in λ′r. For large values of

λ′, say λ′ > 4096, the function K0(λ′‖y‖) is zero to high precision outside of the

unit box, i.e.

1

2π

∫
D

K0(λ′‖y‖)pk(y1, y2) dy ≈ 1

2π

∫
R2

K0(λ′‖y‖)pk(y1, y2) dy (3.30)

is an accurate approximation. There are analytical formulas for the latter integral.

We have (see section 10.43 of [17])

Lemma 3.6. Let λ′ > 0. Then

∫
R2

K0(λ′‖y‖) dy =
2π

(λ′)2
, (3.31)∫

R2

K0(λ′‖y‖)y2
1y

2
2 dy =

4π

(λ′)4
. (3.32)
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For pk(y1, y2) = ym1
1 ym2

2 such that either m1 = 0 or m2 = 0, we have

∫
R2

K0(λ′‖y‖)pk(y1, y2) dy = 0 . (3.33)

At first, the requirement that λ′ > 4096 would seem to be rather extreme, given

that K0(35) is about machine epsilon for double precision arithmetic. However, we

want good relative precision for the approximation (3.30), which requires a larger

lower bound for λ′.

In the middle range, 1 < λ′ ≤ 4096, we use an interpolation approach as in

[13], but the storage requirements have been greatly reduced.

3.2.3 Derivatives of self interactions

The derivatives of the contribution to the potential of the form (3.19) can

be computed using integration by parts. We demonstrate the procedure with an

example. Consider integrals of the form

1

2π

∫
D

(∂y1K0(λ′‖y‖)) p(y1, y2) dy , (3.34)

where p(y1, y2) = ym1
1 ym2

2 for integers m1 and m2. Generally, the integrand is

weakly singular on D, so that the value exists as an improper integral. The integral

is non-zero for m1 odd and m2 even, while other values of m1 and m2 give zero

by symmetry. For m1 odd and m2 even, the function K0(λ′‖y‖)ym1
1 ym2

2 is even

with respect to y1 and y2. We use this fact and standard to integration by parts

to obtain:
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4

∫
D

(∂y1K0(λ′‖y‖))ym1
1 ym2

2 dy (3.35)

=

∫ 1/2

0

∫ 1/2

0

(∂y1K0(λ′‖y‖)) ym1
1 ym2

2 dy1 dy2

=
1

2m1

∫ 1/2

0

K0(λ′
√

1/4 + y2
2))ym2

2 dy2

−m1

∫ 1/2

0

∫ 1/2

0

K0(λ′‖y‖)ym1−1
1 ym2

2 dy1dy2 , (3.36)

where the integrals in the above are interpreted as improper integrals. The first

term in the resulting expression is a one dimensional integral with a smooth inte-

grand. This can therefore be computed rapidly and accurately using a high order

smooth quadrature rule. For the second term, we can use the techniques outlined

in the previous subsection.

Interestingly, the approach taken above also works for second derivatives of the

self interaction. Consider integrals of the form

1

2π

∮
D

(
∂yiyjK0(λ′‖y‖)

)
p(y1, y2) dy , (3.37)

where i, j ∈ {1, 2} and the symbol
∮

indicates that the integral is to be interpreted

in the Cauchy principal value sense. The integrand may be singular in general,

though this is only the case for constant p.

Let p ≡ 1. Then we have

1

2π

∮
D

(∂y1y2K0(λ′‖y‖)) p(y1, y2) dy = 0 , (3.38)

because the integrand is odd (in both y1 and y2). Further, we have that
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1

2π

∮
D

(∂y1y1K0(λ′‖y‖)) p(y1, y2) dy =
1

2π

∮
D

(∂y2y2K0(λ′‖y‖)) p(y1, y2) dy . (3.39)

Then, we can use that −(∆− λ′2)K0(λ′‖x− y‖) = δ(x− y) to obtain

1

2π

∮
D

(∂y1y1K0(λ′‖y‖)) p(y1, y2) dy = − 1

4π
+
λ′2

2π

∫
D

K0(λ′‖y‖) dy . (3.40)

For p of higher degree, the integrand is weakly singular and the integrals can be

interpreted as improper integrals. The same integration by parts technique as was

used for the first order derivatives can be applied in most cases, except in the case

that m1 = 0 and both derivatives are with respect to y2 (or vice versa). However,

this case can be handled using the delta function trick as above.
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Chapter 4

A stabilized FMM for the integral

equations of unsteady flow

The boundary conditions in a semi-implicit method for the Navier-Stokes equa-

tions can be imposed by solving the modified Stokes equations at each time step.

For reference, the modified Stokes equations with zero forcing in a domain Ω with

boundary Γ are:

∆u− α2u = ∇p in Ω , (4.1)

u = g on Γ , (4.2)

∇ · u = 0 , (4.3)

where u is the velocity and p is the pressure. Because of the divergence-free

condition, the boundary data g must satisfy the compatibility criterion

71



∫
Γ

g · n dS = 0 . (4.4)

In the context of time stepping for Navier-Stokes, the parameter α will be given by

an expression like
√
Re/δt, where Re is the Reynolds number and δt is the length

of the current time step.

In this chapter, we discuss some of the analytical and algorithmic aspects of

solving the modified Stokes equations using integral-equation methods. Section

4.1 contains a brief review of the relevant literature, beginning with methods for

the Stokes equations (the α = 0 case). We use the completed double layer method

for our calculations, so this formulation is discussed in some detail.

The completed double layer method makes use of the Green’s function for the

modified biharmonic problem, which requires some care in a fast multipole method

framework. In particular, a näıve implementation would result in catastrophic

cancellation for small α or fine spatial grids. A stabilized fast multipole method

is presented in Section 4.2 which avoids this issue by making use of a new set of

basis functions for modified biharmonic potentials. That section also contains a

discussion of the quadrature-by-expansion method in the modified Stokes setting,

which we use to evaluate the velocity u in the domain.

4.1 Background

4.1.1 Stokes equations

We begin with the steady Stokes equations, i.e. the case α = 0, and assume

zero body forces. In the stream function formulation, the velocity u is given
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by u = ∇⊥Ψ, in which case mass conservation (4.3) is automatically satisfied.

Substituting this representation into the governing equations and taking the curl

results in the following biharmonic equation:

∆2Ψ = 0 in Ω , (4.5)

∇Ψ = −g⊥ on Γ , (4.6)

where g⊥ = (g2,−g1). For a simply connected domain, the compatibility condition

(4.4) implies that the stream function is single valued. In the case of a multiply

connected domain, there does not necessarily exist a single-valued stream function

Ψ without further restrictions on the boundary data g.

There is a rich literature for integral representations of Ψ in this setting and

the related setting of the Airy stress function formulation for the plane theory of

elasticity. Many of the classical formulas are based on the observation of Goursat

that any biharmonic function Ψ may be written in terms of two analytic functions.

We have

Theorem 4.1. (Goursat’s theorem [23].) If Ψ is a biharmonic function, then there

exist φ and ψ, analytic, such that

Ψ(x) = Re (z̄φ(z) + χ(z)) , (4.7)

where χ′ = ψ and z = x1 + ix2.

Interestingly, such a representation exists even for multiple-valued stream func-

tions (in which case φ and ψ may be multiple-valued). For the Stokes equations,
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the quantities of physical interest are given by ∇⊥Ψ. In terms of the Goursat

functions, we have

Lemma 4.2. (Muskhelishvili’s formula [49].) Let Ψ be given as in (4.7). Then

∂Ψ

∂x1

+ i
∂Ψ

∂x2

= φ (z) + zφ′ (z) + ψ (z) . (4.8)

Given (4.8), it is also clear how the velocity boundary conditions (4.6) are

expressed in terms of the Goursat functions.

To obtain an integral representation for Ψ, we write the analytic functions φ

and ψ as layer potentials. In the elasticity context, the famous Sherman-Lauricella

representation leads to a second-kind Fredholm equation with a smooth kernel (for

a smooth boundary), see [53] for details. In [26], the authors proposed a Sherman-

Lauricella type representation for the Stokes problem in multiply-connected do-

mains and presented some numerical results. For this representation, φ and ψ are

not single-valued but the corresponding velocity field ∇⊥Ψ is.

While the Goursat function formulation is elegant, it relies on complex anal-

ysis, and to the author’s knowledge, has no generalization to the α 6= 0 case.

There is, however, a more general method for obtaining integral representations

for Stokes velocity fields based on fundamental solutions of the Stokes problem.

The so-called completed double layer method is based on the work of Karilla, Kim,

Miranda, Power, and Pozrikidis [36, 55, 56, 57, 58]. As noted in [26], in the case

of two-dimensional Stokes, the completed double layer method and the Sherman-

Lauricella type approach are equivalent. We present some details of the completed

double layer method for modified Stokes in the next section and the Stokes version

is analogous.
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Finally, we mention the thesis [21], which concerns general boundary value

problems for the biharmonic equation. In brief, the integral formulations of [21]

are obtained by taking linear combinations of the quadruple and octuple layer

potentials of the biharmonic Green’s function in a systematic fashion. The resulting

integral kernels are chosen to be smooth as functions restricted to the boundary.

However, because the formulations involve quadruple layer potentials, the resulting

solutions (and their derivatives) can be difficult to evaluate numerically for points

near (but not on) the boundary.

4.1.2 Analogues for modified Stokes

In [34], the authors followed the procedure of [21] to design an integral repre-

sentation for the modified Stokes problem in terms of a stream function. Let the

velocity field be given by u = ∇⊥Ψ. Then, the stream function Ψ satisfies

∆2Ψ− α2∆Ψ = 0 in Ω , (4.9)

∇Ψ = −g⊥ on Γ . (4.10)

The Green’s function for the modified biharmonic equation (4.9) is given by

G(x,y) = − 1

2πα2
(log ‖x− y‖+K0(α‖x− y‖)) . (4.11)

As noted in [34], the multiple-layer potentials resulting from this Green’s function

have the same jump properties as those of the biharmonic Green’s function up to

order 4. Therefore, the multiple layer potentials used in [21] for the biharmonic

problem could in principle be used to represent the stream function Ψ (substituting
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the Green’s function for the modified biharmonic equation as appropriate). The

representation of [34] set

Ψ(x) =

∫
Γ

G1(x,y)σ1(y) +G2(x,y)σ2(y) dS(y) , (4.12)

where

G1 = −2Gνν + ∆G , (4.13)

G2 = Gννν + 3Gνττ − α2Gν , (4.14)

which, without the lower order term −α2Gν added to G2, is the combination of

layer potentials used in [21]. We note that G2 is an octuple layer potential and

that the velocity field u is given as ∇⊥Ψ. With a simple preconditioner, this

representation results in a second kind integral equation for the densities σ1 and

σ2.

In the completed double layer method, the analogues of the Laplace single layer

and double layer potentials are derived to obtain integral representations for the

modified Stokes equations. We follow the presentation of [58] for the Stokes equa-

tions, which begins with the derivation of Stokeslets and stresslets. The modified

Stokeslet represents the velocity field induced by a point charge at y oriented in

the direction σ. Let u be such a velocity field. Then

−(∆u− α2u) +∇p = δ(x− y)σ , (4.15)

∇ · u = 0 , (4.16)
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u → 0 as ‖x‖ → ∞ . (4.17)

Letting GL(x,y) be the Green’s function for the Laplace equation in free space, we

have that δ(x− y) = −∆GL(x,y). Making this substitution in (4.15) and taking

the divergence, we find

∆p = ∆(−∇GL(x,y) · σ) , (4.18)

so that

p = −∇GL(x,y) · σ (4.19)

Substituting this pressure into (4.15), we have

(α2 −∆)u = 0−∆GL(x,y)σ +∇(∇GL(x,y) · σ) (4.20)

u = (−∆I +∇⊗∇)(α2 −∆)−1GL(x,y)σ (4.21)

u = (−∆I +∇⊗∇)G(x,y)σ (4.22)

u = (−∇⊥ ⊗∇⊥)G(x,y)σ , (4.23)

(4.24)

where G is the free space Green’s function for the modified biharmonic equation

as above. Often, the term modified Stokeslet is also used to refer to the tensor

G = (−∇⊥ ⊗∇⊥)G(x,y) . (4.25)

The field induced by a continuous distribution of modified Stokeslets on a boundary
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Γ, i.e.

u(x) = Sσ(x) :=

∫
Γ

G(x,y)σ(y) dS(y) , (4.26)

is referred to as the single layer potential for the modified Stokes equations.

The total stress field associated with the modified Stokeslet is called a stresslet.

Accordingly, the tensor T defined by

Tijk = −δikpj + ∂xkGij + ∂xiGkj , (4.27)

is also referred to as the stresslet. It is perhaps clarifying to consider the two

dimensional tensor which results from applying T to a vector. We have

T·,·,kνk = −ν ⊗ p− ∂νyG−∇y(ν ·G) (4.28)

= −ν ⊗ p +∇⊥y ⊗∇⊥y
(
∂νyG

)
+∇y ⊗∇⊥y

(
∂τyG

)
, (4.29)

where p is the one-tensor which gives the pressure field of the Stokeslet when

applied to a vector, i.e. p = −∇GL.

The double layer potential for modified Stokes is defined by

ui(x) = Dµ(x) :=

∫
Γ

Tjik(x,y)νk(y)µj(y) dS(y) , (4.30)

where µ is a density on the curve Γ and ν is the normal to the curve. We see

that this is an integral of the adjoint of the tensor (4.29) applied to µ. In order to

simplify the following expressions, we write µ = µττ + µνν, where τ is the unit

tangent to the curve. We have
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(T·,·,kνk)
T µ = −p⊗ νµ+∇⊥y ⊗∇⊥y

(
∂νyGM

)
µ

+∇⊥y ⊗∇y

(
∂τyG

)
µ (4.31)

= ∇GLµν + 2∇⊥
(
∂νyτyG

)
µν

+∇⊥
(
∂τyτyG− ∂νyνyG

)
µτ . (4.32)

We see that the velocity induced by the tangential part of the density is

∇⊥
∫

Γ

(
∂τyτyG(x,y)− ∂νyνyG(x,y)

)
µτ (y) , (4.33)

which is the same velocity field induced by the kernel G1 of [34].

The jump conditions for these layer potentials are the same as in the case of

the Stokes equation. We summarize them in the following theorems.

Theorem 4.3. Let Ω, Γ, Ωe, and Γ∗ be as in Chapter 1, with Γ of class C2. Then,

the single layer potential satisfies the modified Stokes equations in Ω and Ωe and

is continuous in R2. Let x0 ∈ Γ and ν0 = ν(x0). The limiting values of the surface

traction f of the field satisfy the following jump relations

lim
h→0+

f(u(x0 ∓ hν0)) = ±1

2
σ(x0) + ν(x0)k

∮
Γ

Tijkσj(y) dS(y) , (4.34)

where the symbol
∮

indicates that the integral is interpreted in the Cauchy principal

value sense.

The kernel for the traction problem in the single layer formulation, i.e. the

kernel in the right hand side of (4.34), is weakly singular when restricted to the
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boundary. Therefore, the Fredholm alternative applies to the resulting integral

equation.

For the double layer potential, we have

Theorem 4.4. Let Ω, Γ, Ωe, and Γ∗ be as in Chapter 1, with Γ of class C2. Then,

the double layer potential satisfies the modified Stokes equations in Ω and Ωe. Let

x0 ∈ Γ and ν0 = ν(x0). The limiting values of the field satisfy the following jump

relations

lim
h→0+

u(x0 ∓ hν0) = ∓1

2
µ(x0) +

∫
Γ

Tjik(x0,y)νk(y)µj(y) dS(y) , (4.35)

where the symbol
∮

indicates that the integral is interpreted in the Cauchy principal

value sense. Moreover, the traction f is continuous across Γ.

The kernel for the velocity problem in the double layer formulation, i.e. the

kernel in the right hand side of (4.35), is weakly singular when restricted to the

boundary. Therefore, the Fredholm alternative applies to the resulting integral

equation.

Consider the integral equation which results from the double layer potential

formulation of the velocity boundary value problem on an interior domain. We

have

−1

2
µ(x0) +

∫
Γ

Tjik(x0,y)νk(y)µj(y) dS(y) = g(x0) . (4.36)

It is clear that for a function g which satisfies the compatibility condition (4.4),

solutions of
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−1

2
µ(x0) +

∫
Γ

Tjik(x0,y)νk(y)µj(y) dS(y) + ν(x0)Wµν(x0) = g(x0) , (4.37)

whereW is as in Chapter 1, are also solutions of (4.36) (as the integral of µν along

the boundary will be zero).

To establish the existence of solutions to (4.37), we employ the Fredholm al-

ternative. Let µ solve the adjoint homogeneous equation

−1

2
µ(x0) +

∫
Γ

Tijk(x0,y)νk(x0)µj(y) dS(y) + ν(x0)Wµν(x0) = 0 . (4.38)

Then, u = Sµ and the corresponding pressure p solve the zero traction problem

in the exterior. Further, u tends to zero at infinity and p is bounded. This implies

that u ≡ 0 and that p ≡ ce for some constant in the exterior. Because Sµ is

continuous, this implies that (u, p) solves the interior problem with zero velocity

conditions, so that u ≡ 0 and p ≡ ci in the interior. Therefore, u ≡ 0 and ∂xiu ≡ 0

for i = 1, 2 on R2. Using the jump conditions for the traction of the single layer,

we see that µτ = 0 and that µν = ci− ce on the boundary. Because the integral of

µν is zero, we see that µν = 0 and therefore the solutions of (4.37) exist and are

unique.

4.2 A stabilized fast multipole method

In order to evaluate the solutions to the modified Stokes problem using the dou-

ble layer formulation as presented in the previous section, we’d like to use the QBX
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(quadrature by expansion) method coupled with the FMM. This requires suitable

multipole and local expansions, and their corresponding translation operators, for

the modified biharmonic Green’s function. Looking at the formula, we see that this

Green’s function is given as the difference of two Green’s functions, those for the

Laplace and modified Helmholtz equations, for which the desired results are well

known. Unfortunately, applying the FMM separately to these kernels and taking

the difference results in catastrophic cancellation for small values of the parameter

α or on fine grids. Therefore, we develop a new approach.

4.2.1 Catastrophic cancellation for small α and fine grids

The modified biharmonic Green’s function G(x,y) has a very mild singularity

for y near x. Indeed G(x,y) = O(r2| log r|), for r = |x−y| small. For the integral

equations of the previous section, we are interested in the evaluation of quadrupole

and octopole moments of G, which have O(| log r|) and O(1/r) singularities, re-

spectively. If we were to use the fact that G(x,y) = (GL(x,y) − GY (x,y))/α2,

where GL is the Laplace Green’s function and GY the modified Helmholtz Green’s

function, we would take the difference of the corresponding quadrupole and oc-

topole moments of GL and GY . For these kernels, the singularities of quadrupoles

and octopoles are O(1/r2) and O(1/r3), respectively, so that the calculation would

result in catastrophic cancellation for small r (similar reasoning shows that this is

also the case for small α).

We illustrate the above with a simple example. Let a collection of quadrupoles

of the modified biharmonic equation be distributed as in Figure 4.1, with random

weights and directions. We evaluate the total potential induced by these charges at

the target points shown, which are placed in a well-separated box. The evaluation
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is done in two ways: (1) the potential is evaluated using a stable method based on

the asymptotics for the modified biharmonic Green’s function and (2) the potential

is evaluated by taking the difference of the Laplace and modified Helmholtz parts.

We repeat this evaluation as we change the scale of the location of the charges and

targets and as we change the modified biharmonic parameter α. The error in the

second method is reported in Table 4.1. We see that we lose about two digits of

accuracy for each tenfold decrease in either the scaling parameter or the modified

biharmonic parameter α, as is expected. We do not report the error in the stable

method, described below, which achieves machine precision in all cases.

1.0 0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
1.0

0.5

0.0

0.5

1.0

Figure 4.1: An arrangement of quadrupole charges and target evaluation points.
The two vectors at each point indicate the directions of the directional derivatives.
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scale α error scale α error
1.0E0 1.0E0 1.27E-16 1.0E0 1.0E0 1.33E-16
1.0E-1 1.0E0 2.35E-15 1.0E0 1.0E-1 5.46E-15
1.0E-2 1.0E0 6.15E-13 1.0E0 1.0E-2 2.60E-13
1.0E-3 1.0E0 7.03E-11 1.0E0 1.0E-3 3.17E-11
1.0E-4 1.0E0 3.59E-09 1.0E0 1.0E-4 3.25E-09
1.0E-5 1.0E0 9.93E-07 1.0E0 1.0E-5 5.41E-07

Table 4.1: Error in using the difference of the Laplace and modified Helmholtz
components to evaluate the potential due to modified biharmonic quadrupoles.

4.2.2 New basis functions

To avoid the catastrophic cancellation problem identified in the previous sec-

tion, we seek out new multipole and local expansion functions for the modified

biharmonic Green’s function. To begin, let h be a modified biharmonic function

in the exterior of a disc, given by separation of variables as

h(r, θ) =
∞∑

n=−∞

fn(r)einθ , (4.39)

for radial functions fn, which are to be determined. Because the modified bihar-

monic operator is the composition of the Laplace and modified Helmholtz opera-

tors, we know that fn can be written as a linear combination of r−|n| and Kn(αr)

(and f0 as a linear combination of log(r) and K0(αr)). Therefore, if we were to

obtain new basis functions for the fn they would be a linear combination of these.

Intuitively, the issue outlined in the previous section results from the fact that the

Kn(αr) and r−|n| are very similar functions for small r. They are linearly indepen-

dent but have the same asymptotic behavior to leading order. We construct basis

functions which do not have this property.

For small r and n 6= 0, the functions Kn(αr) have a singularity given by
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Kn(αr) =
2|n|−1(|n| − 1)!

α|n|r|n|
+O(| log r|+ r−|n|+2) . (4.40)

Let Qn for n 6= 0 be defined by

Qn(r) = Kn(αr)− 2|n|−1(|n| − 1)!

α|n|r|n|
, (4.41)

so that Qn is a linear combination of Kn(αr) and r−|n|. Similarly, let Q0 be defined

by

Q0(r) = K0(αr) + log(r) . (4.42)

These functions can then be evaluated stably using the appropriate asymptotics

for small r. Moreover, quadrupolar sources are stably represented in this basis.

We note that the Laplace and modified Helmholtz functions for the interior of

a disc, In(αr) and r|n|, are also asymptotically similar in the way described above.

For the interior of a disc, we define the functions Rn(r) by

Rn(r) = In(αr)−
(αr

2

)|n| 1

|n|! . (4.43)

It is straightforward to check that we have canceled out the first term in the power

series for In. Moreover, the potential due to quadrupolar sources has a stable local

representation in this basis.

Let the Qn(r) and Kn(αr) be basis functions for an outgoing representation of

a modified Stokes potential h. For simplicity, we consider a real valued h which

we write as h = Re(φ) and the translation operators below are given for φ (in

the style of the multipole translation operators in Chapter 1). Using the formulas
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for translating Laplace and modified Helmholtz multipole expansions, we have the

following formula for translating a multipole expansion in this basis.

Theorem 4.5. Suppose that

φ(x) =
∞∑

l=−∞

(alQl(ρ
′) + blKl(αρ

′)) eilθ
′
, (4.44)

where (ρ′, θ′) are the polar coordinates of x with respect to the point x0, is a multi-

pole expansion of the potential due to a charge density which is contained inside the

disc of radius R about x0. Let (ρ0, θ0) be the polar coordinates of x0 with respect

to the origin. Then, for x outside the disc of radius R + ρ0, we have

φ(x) =
∞∑

l=−∞

(clQl(ρ) + dlKl(αρ)) eilθ , (4.45)

where (ρ, θ) are the coordinates of x with respect to the origin. We have that

c0 = a0 and

d0 =
−1∑

m=−∞

(am + bm)I−m(αρ0)e−i(l−m)θ0 + a0R0(αρ0) + b0I0(αρ0)

+
∞∑
m=1

(am + bm)I−m(αρ0)e−i(l−m)θ0 . (4.46)

For l > 0 the translated coefficients are given by

cl =
l∑

m=0

am

(αρ0

2

)l−m e−i(l−m)θ0

(l −m)!
(4.47)
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and

dl =
−1∑

m=−∞

(am + bm)Il−m(αρ0)e−i(l−m)θ0

+
l∑

m=0

(amRl−m(ρ0) + bmIl−m(αρ0))e−i(l−m)θ0

+
∞∑

m=l+1

(am + bm)Il−m(αρ0)e−i(l−m)θ0 . (4.48)

For l < 0 the translated coefficients are given by

cl =
0∑

m=l

am

(αρ0

2

)|l−m| e−i(l−m)θ0

|l −m|! (4.49)

and

dl =
l−1∑

m=−∞

(am + bm)Il−m(αρ0)e−i(l−m)θ0

+
0∑

m=l

(amRl−m(ρ0) + bmIl−m(αρ0))e−i(l−m)θ0

+
∞∑
m=1

(am + bm)Il−m(αρ0)e−i(l−m)θ0 . (4.50)

We will write local expansions in terms of Rn and (αr)|n|. The following pro-

vides a formula for transforming a multipole expansion into a local expansion.

Theorem 4.6. Suppose that

φ(x) =
∞∑

l=−∞

(alQl(ρ
′) + blKl(αρ

′)) eilθ
′
, (4.51)

where (ρ′, θ′) are the polar coordinates of x with respect to the point x0, is a mul-
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tipole expansion of the potential due to a charge density which is contained inside

the disc of radius R < |x0| about x0. Let (ρ0, θ0) be the polar coordinates of x0

with respect to the origin. Then, for x within the disc of radius ρ0 −R, we have

φ(x) =
∞∑

l=−∞

(
clRl(αρ) + dl(αρ)|l|

)
eilθ , (4.52)

where (ρ, θ) are the coordinates of x with respect to the origin. For all l, we have

that

cl =
∞∑

m=−∞

(−1)m(am + bm)Kl−m(αρ0)ei(l−m)θ0 . (4.53)

For l > 0, we have

dl =
1

2ll!

0∑
m=−∞

(−1)m(amQl−m(ρ0) + bmKl−m(αρ0))e−i(l−m)θ0

+
1

2ll!

∞∑
m=1

(−1)m(am + bm)Kl−m(αρ0)e−i(l−m)θ0 . (4.54)

For l = 0, we have

d0 =
∞∑

m=−∞

(−1)m(amQ−m(ρ0) + bmK−m(αρ0))eimθ0 (4.55)

For l < 0, we have

dl =
1

2|l||l|!
−1∑

m=−∞

(−1)m(am + bm)Kl−m(αρ0)e−i(l−m)θ0
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+
1

2|l||l|!
∞∑
m=0

(−1)m(amQl−m(ρ0) + bmKl−m(αρ0))e−i(l−m)θ0 . (4.56)

Finally, we have the following formula for translating local expansions.

Theorem 4.7. Suppose that

Ψ(x) =
∞∑

l=−∞

(alRl(ρ) + bl(αρ)|l|)eilθ , (4.57)

where (ρ, θ) are the polar coordinates of x with respect to the origin, is a local ex-

pansion for a parent box centered at the origin. Let (ρ0, θ0) be the polar coordinates

of the center x0 of a child box with respect to the origin. Then, for x inside the

child box, we have

Ψ(x) =
∞∑

l=−∞

(clRl(ρ
′) + dl(αρ

′)|l|)eilθ
′
, (4.58)

where (ρ′, θ′) are the coordinates of x with respect to the child’s center x0. For all

l, we have

cl =
∞∑

m=−∞

amIl−m(αρ0)e−i(l−m)θ0 . (4.59)

For l > 0 , we have

dl =
1

2ll!

l−1∑
m=−∞

amIl−m(αρ0)e−i(l−m)θ0

+
1

2ll!

∞∑
m=l

amRl−m(αρ0)e−i(l−m)θ0

+
∞∑
m=l

(
m

l

)
bmρ

|l−m|
0 e−i(l−m)θ0 . (4.60)
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For l = 0 , we have

d0 =
∞∑

m=−∞

amR−m(αρ0)eimθ0 +
∞∑

m=−∞

bmρ
|m|
0 eimθ0 . (4.61)

For l < 0 , we have

dl =
1

2|l||l|!
l∑

m=−∞

amRl−m(αρ0)e−i(l−m)θ0

+
1

2|l||l|!
∞∑

m=l+1

amIl−m(αρ0)e−i(l−m)θ0

+
l∑

m=−∞

(|m|
|l|

)
bmρ

|l−m|
0 e−i(l−m)θ0 . (4.62)

4.2.3 An FMM and QBX method in the new basis

With the formulas of the previous section, we can use the FMM as in Section 1.4

to efficiently compute far field interactions for the modified biharmonic kernel. In

this case, the FMM proceeds in much the standard way, except that two sets each

of multipole and local coefficients must be computed for each box. The resulting

FMM does not suffer from the catastrophic cancellation problem exhibited above

when using the standard Laplace and modified Helmholtz multipole expansions.

Similarly, we can couple this FMM to the quadrature by expansion (QBX)

method as described in Chapter 2. Because the underlying PDE is fourth-order,

we must evaluate both the potential and its normal derivative at the points sur-

rounding the expansion center. Then, a small 2 × 2 linear system can be solved

mode-by-mode to compute the local expansion coefficients. We use such a scheme
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to compute the modified Stokes example of the next chapter.

We note that because the Rl(αr) grow exponentially as eαr for large α and r,

we must take care for the numerical stability of the FMM. In particular, for boxes

in the hierarchy such that α times the box length is large, it is best to set the

coefficients for Rl to zero (these should be zero to high precision, but any non-zero

parts will be amplified by a large factor). In the QBX setting, we see that we

should have a fine enough boundary mesh such that if d is the distance of a QBX

center to the boundary, then dα is reasonably small (around 1). Otherwise, the

extrapolation from the QBX center will either not capture the effect of the modified

Helmholtz part of the layer potential or will suffer from numerical instability. This

is a problem in the modified Helmholtz setting as well because the Il(αr) functions

have similar asymptotic growth.

This issue for large α is due to the fact that the modified biharmonic and modi-

fied Helmholtz Green’s functions are nearly degenerate in this regime (likewise, the

corresponding PDEs are scaled, singularly perturbed versions of the Euler equa-

tions and the identity operator, respectively). If the modified Stokes equations are

used in the Navier-Stokes setting, where a large α could result from a short time

step, it seems prudent to seek out a different approach which avoids these artificial

near singularities.
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Chapter 5

Numerical examples

5.1 Poisson equation

For reference, the Poisson equation in a domain Ω with boundary Γ and Dirich-

let boundary conditions is

∆u = f in Ω , (5.1)

u = g on Γ . (5.2)

Using the function extension idea, as in Chapter 2, we obtain a particular solution

v as

v(x) =

∫
ΩB

GL(x,y)fe(y) dy , (5.3)

where ΩB is a box containing Ω and fe is an extension of f to that box. Then, the

boundary conditions are enforced by solving
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∆uh = 0 in Ω , (5.4)

uh = g − v on Γ , (5.5)

and setting u = uh + v. The harmonic function uh is represented by a layer

potential.

To demonstrate the geometric flexibility of these solvers, we have chosen a

domain Ω as shown in Figure 5.1, which is multiply connected and has regions

of high curvature. We discretize the domain using Np = 1018 panels, with 16

scaled Legendre nodes on each. With this number of boundary points, the error

in computing fe and the error in computing uh does not pollute the error in the

total solution below.

The interior nodes are either chosen to be on a uniform grid or chosen adap-

tively, so that the extended volume density fe is resolved on each box. In particular,

for the adaptive case, we require that the L2 norm (in the continuous sense, so

that it is multiplied by the area of the box) of the difference between the local

approximation and fe (whether interpreted as extended by zero or continuously)

is less than some specified tolerance for each box.

The continuous extension is represented as in Chapter 2 as the sum of a double

layer potential and a constant. For the harmonic boundary correction uh, we use

a combined field representation, uh = (D − S)µ, which is complete for multiply-

connected domains.

Unless noted otherwise, the computations were performed on a laptop with an

Intel Core i5-3317U CPU at 1.7GHz, using the gfortran compiler. The computation
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Figure 5.1: The domain Ω. The limits of the figure are those of the containing box
ΩB.

time for many of the calculations done with the boundary was flat (as the boundary

was fixed). In order to solve the linear systems required for the continuous function

extension and the boundary correction, we used the fast direct solver of [31]. For

this domain, the precomputation step took 5.77 and 8.39 seconds for the extension

and boundary correction respectively. The cost of each boundary solve was then

negligible (typically .02 seconds). In many settings, the initial cost of the fast

direct solver can be amortized over many different problems, e.g. if the Poisson

solve is part of a larger optimization problem. To evaluate the extensions and

boundary corrections throughout their respective domains, we used the quadrature

by expansion method as described in Chapter 2. Forming the expansions for each

expansion center required 2.4 seconds for each of these. Once the expansions were

94



computed, the evaluations of the potential (using the method for constant time

evaluation presented in 2) consistently ran at a little over one million points per

second. See Example 2 for some notes on the speed of the volume integral.

5.1.1 Example 1: continuous vs. zero extension

For Example 1, we investigate the difference in efficiency when using either

continuous function extension or extension by zero. We set f and g so that the

solution u is given by

u(x) = sin(10(x1 + x2)) + x2
1 − 3x2 + 8 , (5.6)

which is fairly smooth, globally (see Figure 5.2 for a plot of the function f and its

continuous extension fe).

In Figure 5.3, we report the maximum absolute error in the computed solution

as a function of the number of interior discretization nodes N for both continuous

extension and extension by zero with adaptive and uniform grids. We see that

the continuous extension case is much more efficient for both types of grids. For

continuous extension, the adaptive grid is not more efficient until a lot of precision

is requested. This is expected, as f is pretty smooth throughout the domain and

continuous extension does not require that much extra refinement for boxes along

the boundary (an example adaptive tree is given in Figure 5.4). In the extension

by zero case, the adaptive grid is noticeably more efficient, as there is more to be

gained by adding boxes near the boundary.
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Figure 5.2: The right hand side and its continuous extension for Example 1.

5.1.2 Example 2: efficiency with adaptive grids

For the second example, we investigate the effect of using highly adaptive grids

on the run time of the volume integral FMM. We set f and g so that the solution

u is given by

u(x) = sin(10(x1 + x2)) + x2
1 − 3x2 + 8 + e−(500x1)2 , (5.7)

which has a steep ridge along the x2 axis. With this data f , the volume FMM

can be much more efficient by adaptively placing many boxes near the ridge. In

Figure 5.5, we show the adaptive structure that results for a given tolerance with

continuous function extension, which is highly refined near the x2 axis. It is inter-
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Figure 5.3: The maximum absolute error vs. the number of discretization points
N in Example 1.

esting to note that because the extension is smooth outside the domain, the region

of refined boxes does not extend very far beyond the boundary.

In Figure 5.6, we show the convergence rate using continuous extension for

adaptive and uniform grids. The adaptive grid outperforms the uniform grid, as

is expected. Remarkably, the cost of the volume FMM is essentially unaffected by

using a highly adaptive grid. Let N be the number of interior degrees of freedom

and NB be the total number of degrees of freedom for the box. In Figure 5.7,

we see that the total CPU time as a function of NB is unaffected by the use of

a highly adaptive grid and that the FMM runs at about one million nodes per

second. The adaptive grid is capable of placing more of the degrees of freedom

inside the domain itself and is therefore more efficient in terms of the CPU time
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Figure 5.4: Adaptive grid using continuous extension for Example 1.

spent per interior node. For this example, we saw that the FMM with the adaptive

grid ran at about half a million interior nodes per second.

5.2 Modified Stokes with forcing

In this section, we combine the tools of Chapters 2, 3, and 4 to solve the

modified Stokes equations with a forcing term. In a domain Ω with boundary Γ,

these equations are

∆u− α2u = ∇p+ f in Ω , (5.8)

u = g on Γ , (5.9)
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Figure 5.5: Adaptive grid using continuous extension for the anisotropic f of Ex-
ample 2.

∇ · u = 0 . (5.10)

As in the solution of the Poisson equation, we first compute a particular solution

up which satisfies (5.8) without regard to the boundary condition. We can then

compute a solution of the homogeneous modified Stokes equations, uh, which is

equal to g − up on Γ using the double layer representation for modified Stokes as

presented in Chapter 4.

We assume that Ω is simply-connected, so that up may be represented using

a stream function Ψp, without concern for the single-valuedness of Ψp or the cor-

responding pressure. Let up = ∇⊥Ψp. Substituting this representation into (5.8)

and taking the curl gives
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Figure 5.6: The maximum absolute error vs. the number of discretization points
N in Example 2.
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Figure 5.7: The CPU time for the volume FMM as a function of the number of
interior degrees of freedom and as a function of the number of FMM nodes, for
highly adaptive and uniform grids.

(∆− α2)∆Ψp = ∂x2f1 − ∂x1f2 . (5.11)

100



If we let h = ∂x2f1 − ∂x1f2, then Ψp can be computed as the double convolution

Ψp(x) =

∫
ΩB

GL(x,y)

∫
ΩB

GY (y, z)he(z) dz dy , (5.12)

where ΩB is a box containing Ω and he is an extension of h to ΩB. To obtain up,

we compute the double convolution

up(x) =

∫
ΩB

∇⊥xGL(x,y)

∫
ΩB

GY (y, z)he(z) dz dy , (5.13)

where the outer convolution can be obtained using the FMM as described in Section

1.4 and local derivative tables as described in [42, 4]. The first convolution can be

computed using the method of Chapter 3.

To demonstrate these tools working together, we have solved the inhomoge-

neous modified Stokes equations with α = 1 on the domain Ω as shown in Figure

5.8. In this case, we choose a simply-connected domain so that the particular

solution may be computed as described above. We discretize the boundary using

Np = 720 panels, with 16 scaled Legendre nodes on each. For the calculations

below, this number of discretization points ensures that the error in computing

the homogeneous correction uh does not pollute the error in the total solution.

For the problem to be truly inhomogeneous, we must select a force f which is

non-conservative. Otherwise, the force is simply absorbed into the pressure term.

We therefore choose a manufactured solution u given as the sum of three parts

u = ∇φ+∇⊥K +∇⊥H , (5.14)

where
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Figure 5.8: The domain Ω. The limits of the figure are those of the containing box
ΩB.

φ(x) = − 1

2π
log |x− x0| , (5.15)

K(x) =
1

2π
K0(α|x− x0|) , (5.16)

H(x) =
1

4
Y0(k|x− x0|) , (5.17)

and x0 is outside the domain, Y0 is the second kind Bessel function, and k = 20.

The corresponding f is non-conservative and h = ∂x2f1−∂x1f2 is plotted in Figure

5.9, along with its continuous extension he.

As this function does not require anisotropic refinement, we show results for

uniform refinement of the tree, comparing zero extension and continuous extension.
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Figure 5.9: The right hand side and its continuous extension for the inhomogeneous
modified Stokes example.

As in Example 1 for the Poisson equation, the adaptive scheme was actually less

efficient at times than the uniform scheme because it adapted to the right hand

side, rather than the solution. The results in Figure 5.10 show that the continu-

ous extension results in a higher order convergence rate than zero extension and

appears to be fourth order. This is of particular interest because it demonstrates

that even the derivatives of the Laplace kernel achieve the same order of accuracy

as the discretization (for a sufficiently smooth right hand side).
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Figure 5.10: The maximum absolute error vs. the number of discretization points
N in the inhomogeneous modified Stokes example. We include the line 104/N2,
which represents fourth order convergence, for reference.
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Chapter 6

Conclusion and future directions

In the previous chapters, we have presented a new methodology for inhomoge-

neous elliptic partial differential equations in complex geometry based on contin-

uous function extension. With the tools developed therein, we have demonstrated

fast solvers for the Poisson, Yukawa, and modified Stokes problems. The tools are

shown to be geometrically flexible and efficient even for problems which require a

lot of adaptive refinement.

There are some obvious extensions of these techniques, for instance, the ideas

apply immediately to the inhomogeneous Helmholtz equation. We now discuss

some possibilities for using these tools as part of the solution of more complex

problems.

6.1 Variable coefficient problems

Consider the divergence-form partial differential equation
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∇ · (ε(x)∇u(x)) = f(x) in Ω , (6.1)

u = g on Γ , (6.2)

where ε > 0 is a variable coefficient. We may seek a solution u of the form

u(x) =

∫
Ω

GL(x,y)σ(y) +Dµ(x) , (6.3)

where GL is the Laplace Green’s function, D is the Laplace double layer potential,

and σ and µ are unknown densities defined in the domain and on the boundary

respectively. This results in the (well-conditioned) system of Fredholm integral

equations of the second kind

∇ε ·
(
∇
∫

Ω

GL(x,y)σ(y) dy +∇Dµ(x)

)
+ εσ(x) = f(x) in Ω , (6.4)∫

Ω

GL(x0,y)σ(y) dy +Dµ(x0) = g(x0) on Γ , (6.5)

for σ and µ. These equations may be solved iteratively and the operators on the

left-hand-side may be applied using the tools of the previous chapters.

6.2 Incompressible viscous fluids

Many numerical methods for the incompressible Navier-Stokes equations re-

quire the solution of inhomogeneous elliptic equations at various points of the

computation. We briefly review the underlying equations and some of the meth-
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ods that are currently available. First, we write the governing equations in their

standard nondimensional, primitive variables form [7, 41, 59, 61]:

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∆u + f , (6.6)

∇ · u = 0 . (6.7)

For simplicity, these equations are assumed to hold in a bounded domain Ω, with u

denoting the velocity, p denoting the pressure, Re denoting the Reynolds number,

and f denoting a known forcing term. The vorticity is defined by ω = ∇ × u.

The first equation describes a balance of viscous, inertial and pressure forces and

the second (the continuity equation) enforces incompressibility. Together, they

constitute a system of equations for u and p.

In the presence of a physical boundary, Γ = ∂Ω, the Navier-Stokes equations

must be accompanied by suitable boundary conditions, and we consider here the

case where the velocity is specified:

u|Γ = ub. (6.8)

The primitive variable formulation can be interpreted as the parabolic boundary

value problem (6.6), (6.8), subject to the divergence-free constraint (6.7), for which

the pressure p can be viewed as a Lagrange multiplier. A common approach to

solving this system of equations is through the use of a projection method [14, 67].

In its simplest version, one first solves an approximation of the momentum equation

(6.6) for one time step δt using, say, a semi-implicit backward Euler approximation:

u∗ − un

δt
− 1

Re
∆u∗ = −[(u · ∇)u]n + fn+1 in Ω , (6.9)
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u∗ = ub|Γ , (6.10)

Here, u∗ is the new estimate for the velocity and we have ignored the pressure.

The second (projection) step follows by defining

un+1 = u∗ −∇pn+1,

where the pressure at the new time step pn+1 is chosen to enforce the continuity

condition:

0 = ∇ · un+1 = ∇ · u∗ −∆pn+1 (6.11)

∇pn+1 · n = 0|Γ . (6.12)

Higher order versions are discussed, for example, in [8, 12]. A major advantage

of the primitive variable formulation is that it is straightforward to implement

using standard numerical methods for the inhomogeneous heat equation (6.9) and

the Poisson equation (6.11). Indeed, using Rothe’s method, the inhomogeneous

heat equation may be solved with the tools presented for the modified Helmholtz

problem; see, inter alia, [40, 60].

In two dimensions, one can formulate the Navier-Stokes equations entirely in

terms of the scalar stream function:

∂∆Ψ

∂t
+ (u · ∇)∆Ψ =

1

Re
∆2Ψ + (f2)x − (f1)y . (6.13)

In this formulation, the continuity equation is satisfied analytically and the bound-

ary conditions on (Ψy,−Ψx) are compatible with a fourth order partial differential
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equation [25, 32, 58]. Discretization in time results in an inhomogeneous modified

biharmonic equation, for which the tools of the previous chapters can be readily

applied.

We believe that there are interesting opportunities for the development of

new integral-equation approaches to the Navier-Stokes equations that make use

of divergence-free function extension, box codes and fast homogeneous boundary-

value problem solvers.
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