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Abstract

Inverse obstacle scattering is the recovery of an obstacle boundary from the scattering
data produced by incident waves. This shape recovery can be done by iteratively solving a
PDE-constrained optimization problem for the obstacle boundary. While it is well known that
this problem is typically non-convex and ill-posed, previous investigations have shown that in
many settings these issues can be alleviated by using a continuation-in-frequency method and
introducing a regularization that limits the frequency content of the obstacle boundary. It has
been recently observed that these techniques can fail for obstacles with pronounced cavities,
even in the case of penetrable obstacles where similar optimization and regularization methods
work for the equivalent problem of recovering a piecewise constant wave speed.

The present work investigates the recovery of obstacle boundaries for impenetrable, sound-
soft media with pronounced cavities, given multi-frequency scattering data. Numerical exam-
ples demonstrate that the problem is sensitive to the choice of iterative solver used at each
frequency and the initial guess at the lowest frequency. We propose a modified continuation-
in-frequency method which follows a random walk in frequency, as opposed to the standard
monotonically increasing path. This method shows some increased robustness in recovering
cavities, but can also fail for more extreme examples. An interesting phenomenon is observed
that while the obstacle reconstructions obtained over several random trials can vary signifi-
cantly near the cavity, the results are consistent for non-cavity parts of the boundary.

1 Introduction

Inverse scattering problems arise naturally in many applications in medical imaging [23, 30], radar
and sonar [19], non-destructive testing [20], remote sensing [36] and more. For such problems, a
domain is probed with one or multiple incident waves, and the scattered field from the domain is
then measured at distant sensors. The measured data can be used to infer the shape of the domain,
its density, or the variation in sound speed inside it.

In this work, we restrict our attention to the use of acoustic waves measured at multiple fre-
quencies to recover the shape of an unknown sound-soft obstacle in two dimensions. Let Γ denote

∗Department of Mathematical Sciences, New Jersey Institute of Technology, Newark, NJ, USA. Email:
askham@njit.edu

†Department of Mathematics, University of Central Florida, Orlando, FL, USA. Email: carlos.borges@ucf.edu
‡Department of Statistics, Chicago, IL, USA. Email: jeremyhoskins@uchicago.edu
§Flatiron Institute, New York, NY, USA. Email: mrachh@flatironinstitute.org

1



the boundary of a domain Ω. Then at frequency k, the corresponding time harmonic acoustic
scattering problem is given by

∆uscat + k2uscat = 0, in R2 \ Ω,
uscat = −uinc, on Γ,

lim
|x|→∞ |x|1/2

(
∂uscat

∂r − ikuscat
)
= 0 ,

(1)

where uinc is a given incident field and uscat is the scattered field.
Let uscat

k,d (x; Γ) denote the scattered field in response to an incoming plane wave uinc = eikx·d,
with d = (cos (θ), sin (θ)). At a given frequency, the scattered field is measured at several receptor
locations (xr, where r = 1, . . . , Nr) and for several incident directions (dn, where n = 1, . . . , Nd),
the number of which may depend on k. The forward scattering operator, denoted Fk(Γ), collects
these values in a vector in CNr·Nd :

Fk(Γ) = [uscat
k,d1

(x1; Γ), u
scat
k,d1

(x2; Γ), . . . u
scat
k,d1

(xNr
; Γ), . . . . . . uscat

k,dNd
(x1; Γ), . . . u

scat
k,dNd

(xNr
; Γ)]T . (2)

Suppose that Γ⋆ is the true boundary of an obstacle of interest. The multiple-frequency inverse
obstacle scattering problem is to find an approximation of Γ⋆ given the measured scattering data
umeas
km

= Fkm
(Γ⋆) for a range of frequencies k1 < k2 < · · · < kNk

.
Several methods have been developed to approximate the shape of an obstacle using its scattered

data and we do not seek to review them here. See, inter alia, [22] for an overview. This work
concerns optimization methods that find an approximation, Γ̃k, of the true boundary, Γ⋆, as a
smooth curve — subject to certain constraints — which minimizes the mismatch between Fk(Γ̃)
and umeas

k . Such methods are computationally intensive but have been demonstrated to be capable
of robustly recovering complex obstacle boundaries given sufficient scattering data [11, 10].

More precisely, we consider the solution of the optimization problems:

Γ̃km
= argmin

Γ∈A(km)

∥umeas
km

−Fkm
(Γ)∥2 , with initial guess Γ̃km−1

, m = 1, . . . , Nk , (3)

where A(km) is a set of acceptable shapes at the frequency km. These problems pose several
challenges. They are nonlinear, non-convex, and the set A(km) must be chosen carefully to avoid
ill-posedness. The nonlinearity can be treated by standard iterative methods, such as gradient
descent, Levenberg-Marquadt, Gauss-Newton like methods, or second-order Newton methods [22].
Both the non-convexity and the ill-posedness of the problem are treated in the style of Chen [18].

In the inverse volume scattering setting, where the objective is to recover a smooth, variable
sound speed from the scattering data, Chen observed that the ill-posedness of inverse scattering
problems is a direct consequence of the physics of the problem. In particular, Heisenberg’s Uncer-
tainty Principle for waves implies that given scattering data, it is not stable to recover details of
the domain that are smaller than half the wavelength of the incident wave. Chen proposed that a
natural regularization for the problem is to then seek a bandlimited approximation of the variable
sound speed, with the bandlimit determined by the frequency of the data. With such a constraint,
it is clear that the highest quality approximation obtained from the problems in (3) is the one for
the highest frequency, i.e. Γ̃kNk

.
In the same work, Chen proposed a method to treat the nonconvexity of the problem by con-

tinuation in frequency (CIF). The idea is that an approximation of the optimal sound speed at
frequency km is a sufficiently good initial guess for the optimal sound speed at frequency km+1 that
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the iterative method should succeed, provided km+1 − km is not too large. It is then possible to
begin by solving for the optimal sound speed at k1, where the problem is approximately convex,
and to then bootstrap the solution at higher frequencies.

The CIF framework for volume problems has been further analyzed in the literature [4, 5,
6, 7] and can robustly recover complex sound profiles [18, 10, 14]. It was extended to obstacle
scattering problems in [35, 11]. In particular, an analogous bandlimited regularization for treating
the ill-posedness was first presented in [11] and was later expanded in [12, 13]. The idea of that
regularization is to look for an obstacle with bandlimited curvature at each frequency, providing a
principled method for defining A(k).

Remark 1 The continuation in frequency method of [18] has the further benefit that it is cheaper
than methods which seek a domain that minimizes the residual across frequencies. In fact, the
method originally proposed performing only a single step of the Gauss-Newton iteration for the
minimization problem at each frequency because a linear approximation of the problem should be
accurate for the proposed initial guesses. Thus, the method was originally known as the recursive
linearization algorithm (RLA). For obstacle problems, the constraints on the optimization problem
often make it infeasible to take an unconstrained step of the Gauss-Newton iteration and multiple
iterations are typically required at each frequency [35, 11].

While CIF methods have been successful for inverse obstacle scattering, domains with significant
cavities can break them. This failure mode was demonstrated dramatically in [14], where it was
shown that a CIF volume method succeeds and a CIF obstacle method fails for the same penetrable
obstacle problem with a cavity; see Figure 1 for an example of this failure. Figure 1a shows an
attempt at using a CIF obstacle method to recover the boundary of an obstacle and Figure 1b shows
the result of using a CIF volume method to approximate a variable sound speed for the same data.
The recovered boundary curve differs significantly from the true boundary, while the domain shape
can be seen clearly in the recovered variable sound speed. The volume result indicates that the
obstacle shape must be recoverable from the data, but the optimization problem for the boundary
curve appears to get stuck in a local minimum. We explore the performance of CIF methods for
impenetrable obstacles in more detail in this work.

For the numerical examples in this paper, we assume best-case measurement data, in the sense
that the scattered field data is measured for multiple frequencies and the receptors and incident
planewave directions are sufficient to reasonably probe the obstacle and resolve the scattered field.
The idea is to isolate the effect of cavities on CIF reconstructions. We make the following observa-
tions:

• In the case of inverse volume scattering, the overall performance is relatively insensitive to the
choice of iterative solver used to optimize at a single frequency, with a standard Gauss-Newton
method providing rapid convergence. For an inverse obstacle scattering problem on the other
hand, the performance is indeed sensitive to the iterative solver, even for objects with mild
cavities. We find that a combination of gradient descent and Gauss-Newton methods works
well and that filtering is required to maintain certain geometric constraints.

• For problems with larger cavities, the performance of CIF is sensitive to the choice of initial
guess at the lowest frequency, suggesting that the method fails to reasonably track global
minima along the continuation path.

• We find that by following several random trajectories in frequency, a method we call stochastic
continuation in frequency (SCIF), the resulting approximations of Γ⋆ have good agreement
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(a) Transmission (b) Volume

Figure 1: Reconstruction of a penetrable obstacle with a pronounced cavity. The true sound speed
used to generate the scattering data is given by

√
1 + q(x)k, where q is piecewise constant. The

obstacle has a sound speed of
√
3/2k (or q ≡ 1/2), while the background medium has the ground

sound speed of k (or q ≡ 0). On the left, there is a plot of an attempted shape reconstruction of
the cavity boundary; on the right, there is a plot of the reconstruction of q. Both problems were
solved using a CIF approach, similar to the present work. For details on the implementation of the
algorithms, we refer the reader to [14].

for non-cavity parts of the domain and show more uncertainty near the cavity, providing a
possible method for identifying the likely location of cavities.

The rest of the paper is organized as follows. In Section 2, we provide more details of the
optimization formulation of the inverse obstacle scattering problem. In Section 3, we detail a
standard CIF method and the new variant, SCIF. In Section 4, present our numerical experiments
that support the observations above. We conclude with a discussion of the results and directions
for future work in Section 5.

2 Discretization and optimization methods for the single fre-
quency problem

In this section, we give a brief description of methods for solving the single frequency inverse
scattering problem. Let rk(Γ) denote the residual at frequency k for the curve Γ, i.e.

rk(Γ) = umeas
k −Fk(Γ) , (4)

where Fk is as defined in (2) and umeas
k = Fk(Γ⋆) is the scattering data for the true obstacle

boundary. For a curve Γ with parameterization γ, we will sometimes write rk(γ) in place of rk(Γ),
in a slight abuse of notation. The single frequency problem can be restated in terms of the residual
as

argmin
Γ∈A(k)

∥rk(Γ)∥2 , with initial guess Γ0 . (5)
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2.1 Curve discretization

We begin by discussing the representation of the curve. Let γ(t) denote an arclength parametrization
of an obstacle boundary, Γ. A discrete approximation of this can be obtained as a truncated Fourier
series: [

x(t)
y(t)

]
=

⌊(NΓ−1)/2⌋∑
j=⌊(−NΓ+1)/2⌋

[
xj

yj

]
exp

(
2πijt

L

)
, (6)

where L is the length of the curve Γ. This discretization ensures accurate computation of the
forward scattering operator Fk(Γ). We use standard integral equation methods for the computation
of Fk(Γ), see [22], for example. For completeness, we describe the integral formulation of (1) and
its discretization in Appendix A.

We next turn our attention to the definition of the constraint set A(k). Recall that the constraint
set A(k) must be chosen to band-limit the frequency content of the curvature of the curve in order
to obtain a well-posed inverse problem. With this in mind, let κ denote the curvature of Γ in the
arclength parametrization given by

κ(t) = x′(t)y′′(t)− y′(t)x′′(t) . (7)

The curvature also has a Fourier expansion of the form

κ(t) =

⌊(2NΓ−1)/2⌋∑
j=−⌊(−2NΓ+1)/2⌋

κj exp

(
2πijt

L

)
. (8)

Let Ek, and EM
k denote the elastic energy in the curve and the elastic energy of its bandlimited

approximation, which have the formulas

Ek =

⌊(2NΓ−1)/2⌋∑
j=−⌊(−2NΓ+1)/2⌋

|κj |2 , EM
k =

M∑
j=−M

|κj |2 . (9)

The constraint set at wavenumber k is then chosen to be the set of closed, non self-intersecting
curves, whose bandlimited approximation of the curvature captures the bulk of the elastic energy
of the curve. In particular,

A(k) = {Γ |Γ is simple and non-intersecting, and E⌈c(k)⌉
k ≥ (1− εcurv)Ek} . (10)

2.2 Updating the curve

In this work, we compare the effect of different optimization methods for the solution of the con-
strained optimization problem (5). All of the optimization methods considered first determine an
update step based on the unconstrained version of the problem and then filter the update appro-
priately in order to satisfy the constraints. We provide some details of that generic framework here
and postpone the details of the optimization methods to the next subsection.

Let γj(t) = [x(t), y(t)] : [0, Lj ] → R2 denote the arclength parametrization of the current iterate
Γj , then we update the curve in parameter space as

γ̃j+1(t) = γj(t) + h(t; c⃗)νj(t) , (11)
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where νj(t) = [−y′(t), x′(t)] is the normal vector to Γj , and h(t, c⃗) is a scalar function parametrized
by

h(t; c⃗) = c0 +

Nh∑
ℓ=1

(
cℓ cos

(
2πℓt

Lj

)
+ cℓ+Nh

sin

(
2πℓt

Lj

))
. (12)

Note that the curve update is chosen to be in the normal direction, as tangential updates to the
curve only change the parametrization of the curve without modifying the boundary and hence do
not affect the objective function L. As observed in [11, 14, 40], the number of Fourier coefficients Nh

should be proportional to the wave number, k, for the update to be likely to stay in the constraint
set, A(k). The coefficients c⃗ = [c0; c1; . . . c2Nh+1] are determined through the update step of the
unconstrained formulation.

The updated curve with parametrization γ̃j+1 need not satisfy the constraints A(k), or the
step size determined by the optimization method might be too large resulting in an increase in the
objective function, as opposed to a reduction in it, i.e. ∥rk(Γ̃j+1)∥ > ∥rk(Γj)∥. In either of these
situations, we filter the coefficients c⃗ until both conditions are met. The filter attempts to either
take a smaller step in the same direction, or alternatively reduces the high frequency content of the
update.

Let d⃗ denote the filtered update for which Γ̃j+1 ∈ A(k) and the objective function is reduced

(d⃗ = c⃗, if no filtration was needed). Then the curve is parameterized via the formula

γ̃j+1(t) = γj(t) + h(t; d⃗)νj(t) , (13)

which is no longer an arclength parameterization. We recompute the corresponding arclength
parametrization γj+1(t) of γ̃j+1(t) using the procedure described in [9].

We continue to iterate the curve updates as described above until one of the following stopping
criteria are reached: the norm of the residue is sufficiently small, ∥r∥ < εr, the size of the update

is sufficiently small, ∥d⃗∥2 < εc, the curve γ̃j+1 fails to result in a reduction in residue or remains
outside the constraint set after Nit,filt filtration iterations, or the total number of optimization
iterates reaches Nit.

2.3 Optimization methods

The direction of the unconstrained update, c⃗, described in the previous subsection is based on either
a step of steepest descent or Gauss-Newton.

Let Jγ denote the Fréchet derivative of the forward scattering operator, i.e. the linear operator
such that

lim
δ→0

1

δ
∥Fk(γ + δγu)− (Fk(γ) + δJγ · γu)∥ = 0 , (14)

where γu : [0, L) → R2 is periodic and sufficiently smooth and γ + δγu(t) := γ(t) + δγu(t). The
product Jγγu can be computed as the solution to the same Helmholtz Dirichlet boundary value
problem (1), with boundary Γ, albeit with different boundary conditions; see [27], for example.
Thus, the discretization and inverse used for the computation of Fk(Γj) can be reused for the
computation of the Fréchet derivative. A more detailed discussion of the computation of the Fréchet
derivative is provided in Appendix A.
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Let ν be the normal vector field on the curve discretized by γ. Then, let Jγ ∈ CNdNr×(2Nh+1)

denote the matrix whose ℓth column is given by Jγ · (hℓν), where

hℓ(t) =


1, if ℓ = 1,

cos
(

2π(ℓ−1)t
Lj

)
, if ℓ = 2, . . . , Nh + 1,

sin
(

2π(ℓ−(Nh+1))t
Lj

)
, if ℓ = N + 2, . . . , 2Nh + 1.

(15)

At the jth step of iteration, the steepest descent update denoted by c⃗sd is then given by

c⃗sd = −tδ⃗sd , (16)

where
δ⃗sd =

(
Re(Jγj )

TRe(rk(Γj)) + Im(Jγj )
T Im(rk(Γj))

)
, (17)

and

t =
∥δ⃗sd∥2

∥Re(Jγj
)δ⃗sd∥2 + ∥Im(Jγj

)δ⃗sd∥2
. (18)

The step length t in the steepest descent update is the Cauchy point obtained by minimizing a
quadratic approximation of the objective function parametrized in the steepest descent direction.

Similarly, the Gauss-Newton update denoted by c⃗gn is the solution of the least squares problem[
Re(Jγj )
Im(Jγj

)

]
c⃗gn =

[
Re(rk(Γj))
Im(rk(Γj))

]
. (19)

Remark 2 Note that the matrix Jγ is designed to be full rank to numerical precision. This is
accomplished by limiting the frequency content of the update to be proportional to the wave num-
ber, having a sufficient number of incident directions (Nd) and receiver locations (Nr), and by
considering only updates normal to the curve.

We then consider one of the following 5 optimization approaches.

• Steepest Descent (sd): c⃗ = c⃗sd

• Gauss-Newton (gn): c⃗ = c⃗gn

• Steepest descent followed by Gauss-Newton (sd-gn): For the first Nsd iterates c⃗ = c⃗sd, and for
all subsequent iterates c⃗ = c⃗gn. Recall that the optimization landscape is highly non-convex,
with several local minima. Early use of the Gauss-Newton approach sometimes results in
large steps which could take the boundary into a different local basin of attraction. Running
the algorithm with steepest descent ensures that the iterates fall deeper into the local basin
of attraction before taking advantage of the quadratic convergence of Gauss-Newton method.

• Minimum of Steepest descent and Gauss-Newton (min(sd,gn)): In a slight abuse of notation,
let rsd, and rgn denote the residues corresponding to the steepest descent and Gauss-Newton
updates, respectively. If only one of the updated curves lies in the constraint set, then c⃗ is
set to the update which satisfies the constraint; if both of them lie in the constraint set, then
c⃗ = c⃗sd if ∥rsd∥ < ∥rgn∥, and c⃗ = c⃗gn otherwise; and if neither of the updates lie in the
constraint set, then we filter both updates until one of them lies in the constraint set or the
maximum filter iteration count criterion is reached.
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• Steepest descent followed by minimum of steepest descent and Gauss-Newton (sd-min(sd,gn)):
This approach is similar to the (sd-gn) approach except the latter iterations of Gauss-Newton
are replaced by the min(sd,gn) approach above.

2.4 Filtering the update

Finally, we turn our attention to filtering the update c⃗ to ensure that the updated curve γ̃j+1 lies
in the constraint set A(k). Since the collection of curves in A(k) is an open set, there exists a small
enough update c⃗ such that if we take a step in the negative gradient direction, then the updated
curve would result in both a reduction in the residue and still satisfy the constraints. With this in
mind, one of the standard approaches to filter the update would be to step-length control, i.e.

d⃗ = argmin
ℓ∈[0,Nit,filt]

1

2ℓ
c⃗ such that γj +

1

2ℓ
c⃗νj ∈ A(k) , and ∥rk(γj +

1

2ℓ
c⃗νj)∥ < ∥rk(γj)∥ . (20)

In many numerical examples, we have observed that step-length control results in an extremely small
step in order to satisfy the constraints, thereby significantly increasing the number of optimization
steps required and hence increasing the reconstruction time.

To remedy this issue, we also consider the following alternate filtration procedure which damps
the higher frequency components of the update exponentially more than the lower frequency com-
ponents. Let G(c⃗, σ) : R2Nh+1 → R2Nh+1 be the Gaussian filter given by

(G(c⃗, σ))m = c⃗m exp

(
− m2

σ2N2
h

)
, 0 ≤ m ≤ Nh ,

(G(c⃗, σ))m+Nh
= c⃗m+Nh

exp

(
− m2

σ2N2
h

)
, 1 ≤ m ≤ Nh .

(21)

The “Gaussian-filtering” approach is then given by

d⃗ = argmin
ℓ∈[0,Nit,filt]

G(c⃗, 1/10ℓ) such that γj +G(c⃗, 1/10ℓ)νj ∈ A(k) ,

and ∥rk(γj +G(c⃗, 1/10ℓ))νj)∥ < ∥rk(γj)∥ .
(22)

3 Exploring the stability of CIF via randomness

When multiple frequency measurements are available, CIF methods are best suited to handle the
increasing non-convexity and non-linearity of the single frequency optimization problems with in-
creasing frequency. Recall that the reconstructed obstacle is given by Γ̃kNk

where

Γ̃km = argmin
Γ∈A(km)

∥umeas
km

−Fkm(Γ)∥2 , with initial guess Γ̃km−1 , m = 1, . . . , Nk , (23)

and Γ̃0 is typically chosen to be the unit circle centered at the origin. While these approaches have
been highly effective in obtaining high-fidelity reconstructions of a large family of obstacles, they
tend to perform poorly for reconstructing strongly-trapping domains like elliptic cavities.

To investigate the sensitivity of CIF for trapping domains, we consider two methods of injecting
randomness in the procedure. The first is to consider a batch of randomly drawn curves as the
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initial guess at the lowest frequency. The second randomization method we consider is to replace
the usual CIF path, which steps sequentially through the frequencies k0, . . . , kNk

, with a biased
random walk. We call the resulting method stochastic continuation in frequency (SCIF).

In more detail, a single SCIF path is determined by a sequence y1, y2, . . . of samples drawn
from a Bernoulli distribution with parameter p, i.e. P (yj = 1) = p and P (yj = 0) = 1 − p. The
corresponding path is then ki1 , ki2 , . . . , kiNℓ

, where

ij+1 =

{
ij + 1 if yj = 1

max(0, ij − 1) if yj = 0

and Nℓ is the first index j where ij = Nk.

The reconstruction using SCIF is then given by Γ̃iNℓ
, where

Γ̃im = argmin
Γ∈A(kim )

∥umeas
kim

−Fkim
(Γ)∥2 , with initial guess Γ̃im−1

, m = 1, . . . , iNℓ
(24)

and Γ̃i0 is some initial guess, which is always taken to be the unit circle centered at the origin in
the examples below. By taking several SCIF curves, a distribution of domain boundaries can be
obtained.

Remark 3 While random initial guesses are an obvious thing to try, the random continuation paths
of SCIF are less obvious. The original motivation for SCIF is based on the observation that CIF
results for such problems do not appear to robustly follow a homotopy that tracks global minimizers
across frequencies but appear instead to track local minimizers that are sensitive to initial guesses.
Thus, taking different paths through frequency could explore different local minimizers. Because the
global minimizer is relatively stable across frequencies, the curves obtained along a SCIF path should
keep exploring parameter space unless a curve gets in the vicinity of a global minimizer, where it
should ideally stay. By either taking long SCIF paths (small p) or by considering many SCIF paths,
the chances of obtaining a path that ends up in the global minimizer are increased.

4 Numerical Examples

In this section, we present numerical results that demonstrate certain failure modes of standard
continuation-in-frequency (CIF) methods for inverse obstacle scattering problems in which the
obstacle has cavities. We then present some results that show the advantage of using randomness
both in the form of multiple initial guesses, and stochastic-CIF (SCIF), as a local measure of
certainty, and then demonstrate the correlation between the large variance regions and the presence
of cavities.

Mathematically, all of the examples concern the solution of the inverse scattering problem (5) at
the highest frequency available in the data, by continuation in frequency, or stochastic continuation
in frequency. The data is assumed to be collected for equispaced frequencies of the form kn =
1 + (n − 1)δk for n = 1, . . . , Nk; in particular, δk = 0.25 and Nk = 117 in all examples, so
that the maximum frequency is 30. At each frequency, it is assumed that there is data from
Nd = ⌊10k⌋ incident directions, dj = (cos(θj), sin(θj)) where θj = 2π(j − 1)/Nd, and likewise
collected at Nr = Nd receivers, with positions xm = (R cos(θm), R sin(θm)) where R = 10 and
θm = 2π(m− 1)/Nr.
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A few different diagnostics are used to quantify the error. The residual at a given frequency
is denoted res = ∥umeas

k − Fk(Γ)∥. The error in the recovered obstacle is defined using polygo-
nal approximations to the obstacle shape. As described in Section 2.1, the obstacle and its ap-
proximations are discretized by sampling the boundary at equispaced nodes in arc-length, with
NΓ = max (300, 10Lk/π). Here k as before is the Helmholtz wavenumber and L is the length of
the curve. The object interior can then be approximated as the polygon with vertices at these
boundary nodes. Let P be the polygon obtained for the true shape and P0 the polygon for some
approximation. If A is the area of P and δA is the area of the symmetric difference of the polygons
(P0 \ P

⋃
P \ P0), then we define the error in the curve to be εΓ = δA/A. This measure of error

is sufficient when the curves are relatively close, but it does not distinguish well among curves
with larger errors. An alternative distance between two curves can be defined using the so-called
Chamfer distance [8] between two point clouds. The Chamfer distance between two finite sets S1

and S2 is

dist(S1, S2) =
1

2|S1|
∑
x∈S1

min
y∈S2

∥x− y∥+ 1

2|S2|
∑
y∈S2

min
x∈S1

∥x− y∥ . (25)

For the distance between two curves, we define dist(Γ1,Γ2) to be the Chamfer distance between the
sets of boundary nodes described above. The Chamfer distance is used to identify the minimum
distance curve obtained for some of the more difficult cavity problems below.

The scattering data for all problems are generated using the method for forward problems
described in Appendix A, with at least 7 digits of accuracy. The data are not corrupted with noise
beyond this numerical error.

As discussed in Section 2.2, the following four stopping criteria are used for the optimization
methods used at a single frequency: stop if 100 iterations have been used; stop if the update step
is smaller than εc = 10−3; and stop if the residual is smaller than εr = 10−5. The parameter εcurv,
for constraining high frequency modes in the curvature are set to 10−1, with the tail of the series
defined to be the maximum of 20 and ⌊2k⌋, where k as usual is the frequency. Unless otherwise
noted, the initial guess at frequency k0 is the circle with center at the origin and radius 1.

The example in Section 4.1 explores the effect of the choice of iterative solver used at each
frequency on the success of CIF for two geometries of different complexity. A geometry with a
single cavity is treated in Sections 4.2 and 4.3. Section 4.2 considers the effect of the initial guess
for a domain with a cavity. Section 4.3 shows the effect of random CIF paths, i.e. SCIF, on the
same data. Section 4.4 has examples of SCIF applied to domains with multiple cavities.

4.1 Dependence of CIF on single frequency solver

In this subsection, we consider the recovery of two “airplane”-like obstacles. The domains are both
based on a spline curve fit to the silhouette of a two-dimensional drawing of an airplane. Both
obstacles were obtained by interpolating this original curve in the Fourier basis and then filtering
the higher Fourier modes. The obstacle called the “simple plane” below was constructed using
fewer Fourier modes than the “complicated plane”.

The objective of this example is to present a comparison among the different optimization
and filtering methods described in Sections 2.3 and 2.4 for solving (5) at each frequency within a
CIF method for recovering the domain boundary. Specifically, we use the optimization methods:
steepest descent(sd), Gauss-Newton(gn), steepest descent followed by Gauss-Newton (sd-gn), best
of Gauss-Newton or steepest (min(sd,gn)), and steepest descent followed by best of steepest descent
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or Gauss-Newton (sd-min(sd,gn)). The filtering methods used are Gaussian filtering and step-length
filtering.

We plot reconstructions of the shape of the simple plane and of the complicated plane using these
optimization algorithms with Gaussian filtering in Figures 2 and 3 and with step-length filtering in
Figures 4 and 5. In each image, we have the reconstructions obtained at frequencies k = 1, 10 and
30. We also include the true shape of the scatterer in each plot.

In Figures 6 and 7, we plot the residual, the error εΓ, and the number of iterations as a function of
the wavenumber k for all methods in the reconstructions of both the simple plane (top row) and the
complicated plane (bottom row), using Gaussian filtering and step-length filtering, respectively. In
Tables 1 and 2, we present the number of PDE solves npde, used by each method at the frequencies
k = 1, k = 7, k = 15, and k = 30, and the total number of PDE solves up to those frequencies
ntotal, using Gaussian filtering and step-length filtering respectively.

(a) sd (b) gn (c) sd-gn

(d) sd-min(sd,gn) (e) min(sd,gn)

Figure 2: The CIF reconstruction of the simple plane at frequencies k = 1, 10, and 30 for: (a) sd,
(b) gn, (c) sd-gn, (d) sd-min(sd,gn), and (e) min(sd,gn).

The reconstructions obtained using Gaussian filtering have fewer failures and appear to depend
less on the optimization method used than those obtained using step-length filtering. This improved
robustness does not appear to have a negative impact on the resulting residuals and errors of the
reconstructions. A pure Gauss-Newton (gn) method obtains sub-optimal residuals and errors for
several frequencies on both the simple and complicated planes, regardless of the filtering used. Pure
steepest descent (sd) and some of the hybrid methods (sd-gn,min(sd,gn)) give good, consistent
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simple plane
sd gn sd-gn min(sd,gn) sd-min(sd,gn)

k npde ntotal npde ntotal npde ntotal npde ntotal npde ntotal

1 12 12 4 4 12 12 8 8 12 12
7 2 334 36 462 2 348 4 524 2 335
15 2 522 20 917 1 530 22 1194 2 523
30 1 584 11 1573 1 590 2 1690 1 585

complicated plane
sd gn sd-gn min(sd,gn) sd-min(sd,gn)

k npde ntotal npde ntotal npde ntotal npde ntotal npde ntotal

1 11 11 4 4 11 11 8 8 11 11
7 2 340 30 461 2 340 4 606 2 340
15 1 409 15 911 1 409 2 1030 1 409
30 1 475 11 1546 1 475 2 1156 1 475

Table 1: Number of PDE solves at each frequency and the total number of PDE solves for Gaussian
filtering.

simple plane
sd gn sd-gn min(sd,gn) sd-min(sd,gn)

k npde ntotal npde ntotal npde ntotal npde ntotal npde ntotal

1 12 12 4 4 12 12 8 8 12 12
7 2 325 11 246 2 333 4 628 2 331
15 11 673 11 598 11 676 22 1212 11 679
30 11 1333 11 1258 11 1336 2 1636 11 1339

complicated plane
sd gn sd-gn min(sd,gn) sd-min(sd,gn)

k npde ntotal npde ntotal npde ntotal npde ntotal npde ntotal

1 11 11 4 4 11 11 8 8 11 11
7 4 350 11 254 4 350 4 640 4 350
15 1 428 11 606 1 428 2 800 1 428
30 1 494 11 1266 1 494 2 932 1 494

Table 2: Number of PDE solves at each frequency and the total number of PDE solves for step-
length filtering.
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(a) sd (b) gn (c) sd-gn

(d) sd-min(sd,gn) (e) min(sd,gn)

Figure 3: The CIF reconstruction of the complicated plane at frequencies k = 1, 10, and 30 for: (a)
sd, (b) gn, (c) sd-gn, (d) sd-min(sd,gn), and (e) min(sd,gn).

results. All methods fail to capture the cavities between the wing and the back of the plane for the
complicated plane.

Based on the number of PDEs solved, the steepest descent methods and hybrids are, perhaps
surprisingly, more efficient than Gauss-Newton for these examples. The gap in performance appears
to grow as the frequency increases, with steepest descent utilizing far fewer iterations between k = 7
and k = 30 than Gauss-Newton. Recall that each filtering step requires the solution of a PDE
for recomputing the residue. In this example, the Gauss-Newton update, particularly at higher
frequencies, causes the curve to leave the constraint set. As can be seen from the PDE solve count
in Figure 6, it is evident that Gauss-Newton is reaching the maximum number of filter iterations
and failing to update the curve, either because the proposed curves do not satisfy the curvature
constraint or increase the residue. On the other hand, the steepest-descent based approaches tend
to require fewer PDE solves as the updated curve tends to leave the constraint set less often, and
the optimization loop at a single frequency tends to exit due to small update or small residue.

Because of the performance on this example, we use the steepest descent method with Gaussian
filtering for all of the other examples in this paper.
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(a) sd (b) gn (c) sd-gn

(d) sd-min(sd,gn) (e) min(sd,gn)

Figure 4: The CIF reconstruction of the simple plane at frequencies k = 1, 10, and 30 for: (a) sd,
(b) gn, (c) sd-gn, (d) sd-min(sd,gn), and (e) min(sd,gn).

4.2 Effect of initial guess on CIF results for a single cavity

In this example, we consider the reconstruction of an obstacle with a pronounced cavity. The aim
of this example is to show how the choice of the initial guess affects the reconstruction using the
CIF method, in particular, when reconstructing shapes with cavities.

The “C”-like obstacle boundary for this and some later examples is defined by applying a
transformation to a relatively high aspect ratio ellipse, where the size of the cavity opening can be
controlled by a parameter. Specifically, suppose z(t) = x(t)+iy(t), t ∈ [0, 2π] is an ellipse centered at
(20, 0) with semi-major and minor axis (a, b). Then the boundary of the cavity is given by the ellipse
pushed forward by z2α/maxt∈[0,2π](|z|2α). For this example, we use (a, b, α) = (0.45, 7.38, 3.65).

We consider two types of initial guesses: a circle of radius R and center (Cx, Cy), where R,
Cx, and Cy are random variables chosen uniformly in the sets [0.5, 1.5], [−0.5, 0.5], and [−0.5, 0.5],
respectively; and a curve extracted as the contour at level c of the indicator function obtained
by applying the linear sampling method (LSM) to the scattered data at frequency k0 = 1. See
Appendix B for a brief review of the LSM and how to obtain this curve. For more details about
the LSM, we refer the reader to [21].

Figure 8 has the results obtained using random circles as initial guesses and Figure 9 has the
results obtained using the LSM-derived initial guesses. For reference, the true shape of the obstacle
and the result obtained with the smallest error as measured by the Chamfer-distance at kNk

= 30
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(a) sd (b) gn (c) sd-gn

(d) sd-min(sd,gn) (e) min(sd,gn)

Figure 5: The CIF reconstruction of the complicated plane at frequencies k = 1, 10, and 30 for: (a)
sd, (b) gn, (c) sd-gn, (d) sd-min(sd,gn), and (e) min(sd,gn).

are also plotted.
Figures 8 and 9 show that the results of CIF can be sensitive to the choice of the initial condition

at frequency k0 for obstacles with cavities, even for initial guesses which appear reasonable, like
those obtained from the LSM. An interesting feature of these reconstructions is that all of the
observed variance occurs inside the cavity, with the outer boundary of the cavity reconstructed well
across experiments. The best reconstruction obtained from random circle initial guesses is close to
the true shape.

4.3 Applying SCIF to a single cavity

In this section, we consider the effect of introducing randomization in the CIF path, i.e. using
SCIF, on the reconstructions obtained for the class of cavities considered in the previous example.

The parameter p, as described in Section 3, controls the expected length of a SCIF path. For
this problem, the paths with p = 3/4 have approximately 125 steps, p = 0.629 have approximately
456 steps, and p = 0.537 approximately have 1600 steps on average. This should be compared to
the number of frequencies for the data, i.e. the number of steps of standard CIF, which is 117.
We generate a total of 39 paths for our simulations. Figure 10 shows the effect of this parameter
for a cavity with (a, b, α) = (0.51, 6.67, 3.3). It can be seen that the largest value of p provides the
path with the smallest residual across frequencies and generally provides more paths with small
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(a) Residual (b) Error (c) npde

(d) Residual (e) Error (f) npde

Figure 6: Plot of the residual res, the error ϵΓ, and the number of PDE solves npde at each frequency
for all methods. Results for the simple plane are in the top row and for the complicated plane are
in the bottom row.

residuals. On the other hand, lower values of p provide some paths with similarly small residuals
and the effect of p appears to be weak.

The results of Figure 11 explore the limits of the ability of SCIF to recover a shape with a
cavity as the size of the cavity opening is diminished. In particular, referring to the parametriza-
tion in the previous section, we consider three “C”− like obstacles with parameters (a, b, α) =
(0.51, 6.67, 3.3), (0.45, 7.38, 3.65), and (0.41, 7.81, 3.86) in decreasing opening angle order. In this
experiment the value of p is fixed at p = 0.629. For the smallest cavity opening, the minimum resid-
ual path does not correspond to a reasonable reconstruction of the original shape. It is possible
that with more SCIF paths or a larger parameter p a better reconstruction could be obtained, but
it is clear that the SCIF method has limits. As has been observed in other examples, the other part
of the boundary is recovered reasonably well for most runs. The middle example of the figure can
be compared to the results of the previous section as it is the same domain. We observe that the
best SCIF paths for this domain have lower residuals than the best CIF paths obtained for random
circle initial guesses.

4.4 Applying SCIF to shapes with multiple cavities

This section explores the performance of SCIF for obstacles with two pronounced cavities. We con-
sider a domain similar to a capital “H” as well as three domains that look like a rotated capital “E”;
see Figures 12a to 12d, which illustrate the domains we call H, E-1, E-2, and E-3, respectively. In
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(a) Residual (b) Error (c) npde

(d) Residual (e) Error (f) npde

Figure 7: Plot of the residual res, the error ϵΓ, and the number of PDE solves npde at each frequency
for all methods. Results for the simple plane are in the top row and for the complicated plane are
in the bottom row.

(a) Initial guess (b) Reconstruction (c) Residual

Figure 8: For a single cavity domain, plots of the initial guesses, the CIF reconstructions at k = 30,
and the residuals across experiments with random circle initial guesses.

the examples above, it has been observed that SCIF and CIF tend to perform well at approximating
the parts of the obstacle which are outside of the cavity. The domains E-1 to E-3 are designed to
stress this property, as the width of the divider between the two cavities gets progressively smaller.

In these experiments, the Bernoulli parameter was p = 0.603, which results in SCIF paths with
an average of 567 steps (the longest was 1067 steps and the shortest 307). A total of 100 paths
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(a) Initial guess (b) Reconstruction (c) Residual

Figure 9: For a single cavity domain, plots of the initial guesses, the CIF reconstructions at k = 30,
and the residuals across experiments with the initial guesses derived from the LSM.

were traversed in each experiment.
Figures 13 to 16 plot the shape reconstructions obtained by SCIF at the highest frequency

(kNk
= 30) for the letters H, E-1, E-2, and E-3, respectively. For each figure: the first image

shows all SCIF reconstructions obtained, as well as the reconstruction obtained using standard
CIF; the second, third and fourth images highlight different parts of the domain. The second image
highlights a part of the domain far from the cavities, where the SCIF reconstructions agree closely
with the CIF solution and the true shape. The third and fourth images highlight different corners
near cavity openings; it can be seen that the SCIF reconstructions agree on the obstacle boundary
outside of the cavity but have significant uncertainty about the boundary near the cavity interior.
The agreement among the SCIF results is good on the exterior part of the obstacle, even for E-3,
where the divider between the two cavities is narrowest.

Finally, Figure 17 plots the residual as a function of frequency for the reconstructions obtained
by SCIF and CIF for each domain. While SCIF can achieve lower residuals than CIF, it is clear
that the results are not particularly close to the global minimizer. The advantage of the best SCIF
runs over CIF is not as significant as it was for the single cavity problems in which SCIF was able
to closely approximate the global minimizer (cf. Figures 11d and 11e).

5 Conclusion and future directions

In this work, we study the impact of using different optimization approaches for the recovery of
complicated impenetrable obstacles when multifrequency measurements are available. In partic-
ular, the problem of obstacle recovery with multifrequency data is reformulated as a sequence of
constrained optimization problems at each frequency. A continuation method in frequency and a
regularization based on limiting the frequency of the curvature are used to address the ill-posedness,
non-linearity, and non-convexity associated with the original problem.

We compared the performance of five optimization methods, steepest descent with Cauchy point
step size, Gauss-Newton, best of steepest descent and Gauss-Newton, and steepest descent followed
by the prior two algorithms; and two filtration methods to handle the constraints, step-length, and
Gaussian filtering. The examples illustrate that steepest descent with Gaussian filtering tended
to have the best overall performance, i.e. nearly the minimum residue and the fewest PDE solves
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(a) Reconstructions (p = 0.5) (b) Reconstructions (p = 0.7) (c) Reconstructions (p = 0.9)

(d) Residual (p = 0.5) (e) Residual (p = 0.7) (f) Residual (p = 0.9)

Figure 10: The behavior of SCIF for a fixed domain (a cavity with (a, b, α) = (0.51, 6.67, 3.3)) as
the average SCIF path length (determined by the parameter p) is varied.

required. The latter is a little surprising since, in a continuation in frequency approach, the hope
is that minima at previous frequencies would be in the basin of attraction of the minimum at the
next frequency and hence a few Gauss-Newton iterations would be sufficient to converge to the
solution. While that tends to be the case in the inverse medium reconstruction setting, the difficult
geometry of the space of non-intersecting curves and the constrained nature of the optimization
problem required many more filtration steps for the Gauss-Newton approach as opposed to steepest
descent. The examples also illustrated the inability of any of the methods to capture cavity-like
domains.

This issue was further studied through the reconstruction of strongly-trapping cavities with var-
ied opening angles and the reconstruction of domains with multiple such cavities. Through a series
of numerical examples, we examined the sensitivity of the best performing approach, i.e. steepest
descent with Gaussian filtering, to the choice of the initial guess and the choice of continuation path
taken in frequency. By randomizing both of these parameters separately, we obtain a family of re-
constructions for the same measurement data. When varying the initial guesses, we also compare
the results to initial guesses obtained using the linear sampling approach.

When randomizing the initial guess, the results show that some random circle initial guesses
perform significantly better than other circles, as well as any of the initial guesses obtained using
a linear sampling approach, though the latter appear to the eye to be better initial guesses. These
successful reconstructions then seem to be largely driven by chance.
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(a) Reconstructions A (b) Reconstructions B (c) Reconstructions C

(d) Residual A (e) Residual B (f) Residual C

Figure 11: The behavior of SCIF for cavity domains with diminishing openings. The SCIF param-
eter is set to p = 0.7 for all runs.

For the same test, the best SCIF paths can also provide reasonable reconstructions and tend to
result in a solution with lower residual than the best solution obtained by randomizing the initial
guess for standard CIF. SCIF was then tested on harder cavity problems (smaller opening angle)
and multiple cavity problems. SCIF appears to fail for these harder problems, at least for the length
of paths and number of trials used in the experiments.

Remarkably, all of the reconstructions — even for the examples where reconstruction fails — were
extremely robust in identifying the convex part of the obstacle, i.e. the variance of reconstructions
in the convex part of the obstacle was significantly smaller than the variance in the cavity like
regions. This behavior was independent of the size of the opening angle of the cavity and the
number of cavities present in the domain. Thus, randomness in either form can be used to obtain a
local measure of certainty in the reconstruction, providing a monitor function for detecting cavities
in the obstacle.

There are several open questions that remain to be addressed, including the design of better
constraint sets for the single frequency problem, which not only bandlimit the curvature but also
bound its maximum absolute value; exploring the effects of using soft penalties on the curvature
instead of solving constrained optimization problems; studying the impact of using a different norm
in the optimization loss function, such as the Wasserstein-2 norm (see, e.g., [39] in the context
of full-waveform inversion) as opposed to the L2-penalty; employing neural-networks in a fashion
similar to [40] to obtain better initial guesses at low frequencies; and developing methods which
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(a) Letter H. (b) Letter E – 1. (c) Letter E – 2 (d) Letter E – 3

Figure 12: Domains with two pronounced cavities: (a) Letter H, (b) Letter E-1, (c) Letter E-2, and
(d) Letter E-3.

(a) Whole obstacle. (b) Side of obstacle. (c) Top left of top cavity. (d) Top right of top cav-
ity.

Figure 13: SCIF reconstructions for the letter H domain.

locally update the geometry in regions where a cavity is detected using the randomized approaches.
These are all areas of ongoing research.
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(a) Whole obstacle. (b) Side of obstacle. (c) Top left of left cavity. (d) Top right of left cav-
ity.

Figure 14: SCIF reconstructions for the letter E-1 domain.

(a) Whole obstacle. (b) Side of obstacle. (c) Top left of left cavity. (d) Top right of left cav-
ity.

Figure 15: SCIF reconstructions for the letter E-2 domain.
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A Forward scattering problem and Fréchet derivatives

The solution of the forward scattering problem (1), relies on the use of the Helmholtz single and
double layer potentials given by

S[µ](x) =
∫
Γ

G(k|x− y|)µ(y)ds(y) , D[σ](x) =

∫
Γ

∂G(k|x− y|)
∂ν(y)

σ(y)ds(y) .

Here G(r) = iH
(1)
0 (kr)/4 is the Green’s function for the Helmholtz equation with wave number k,

with H
(1)
0 (z) being the Hankel function of the first kind of order zero. The scattered field uscat is

then represented as uscat = (D+ ikS)[σ](x) for some unknown density σ. Since the layer potentials
satisfy the Helmholtz equation in R2 \ Γ, along with the Sommerfeld radiation condition at ∞, the
density σ is determined by enforcing the boundary conditions. Using the jump relations satisfied
by the layer potentials [22], we obtain that σ must satisfy the following integral equation,

σ(x)

2
+DPV [σ](x) + ikS[σ](x) = −uinc(x) , x ∈ Γ , (26)

where S, and DPV are restrictions of the single layer potential and the principal value of the double
layer potential to the boundary Γ.

Equation (26) is discretized using the Nyström method. The boundary is discretized with
equispaced nodes in the arclength parametrization, and the weakly singular layer potentials are
evaluated using a 16th order Alpert correction [1]. For the range of problems considered in this
work, the number of points on the boundary, N , is typically less than 104, and hence the discretized
system of equations are solved directly using Gaussian elimination. For higher frequencies, and more
complicated geometries which lead to significantly larger values of N , it is desirable to use a fast
direct solver for obtaining an approximate inverse, which can be computed in O(N logp N) time,
see for example [2, 28, 24, 16, 25, 34, 15, 33, 3, 17]. After computing the density σ, the scattered
field at the receptors can be evaluated using the trapezoidal rule which is spectrally accurate since
the receptors are typically far-away from the obstacle boundary.

Remark 4 The preference for a fast direct solver over the use of iterative solvers accelerated with
FMMs is two fold: first, N is typically large at large frequencies for which the linear system tends
to be illconditioned and require O(k) iterations where k is the wavenumber, and secondly, solution
to the same linear system is required for Nd right hand sides for evaluating the loss function, and
NdNf different boundary data for evaluating the Fréchet derivative along Nf directions.

We now turn our attention to the evaluation of the Fréchet derivative required for computing
the Gauss-Newton/Steepest descent update when solving the single frequency inverse problem (5).
In a slight abuse of notation, suppose now that the measurements are made for a single incident
direction, uinc = exp ikx · d. The Fréchet derivative for the case of multiple incident directions can
be computed by appropriately stacking the Fréchet derivatives for single incident directions similar
to (2). Let γ as before denote the parametrization of Γ. Then the Fréchet derivative in the direction
γu denoted by Jγ · γu is the potential v evaluated at the receptor locations, where v is the solution
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to
∆v + k2v = 0, in R2 \ Ω,

v = −(ν · γu)
∂utot

∂ν
on Γ ,

lim
|x|→∞ |x|1/2

(
∂v

∂r
− ikv

)
= 0 ,

(27)

where utot = uinc+uscat, and ν as before is the outward normal to Γ. Note that v satisfies exactly the
same PDE as uscat and hence the same integral formulation, discretization, and solution operator
can be applied to evaluate the solution v, reiterating the advantage of using a direct solver or fast
direct solver for approximating the solution operator.

Remark 5 The evaluation of the normal derivative of uscat on Γ required for the evaluation of the
boundary data for v can pose a challenge, owing to the need for evaluating the normal derivative
of the double layer potential on the boundary which has a hypersingular kernel. While there are a
vast variety of quadrature methods that one could use to evaluate the data on the boundary such
as [37, 38, 29, 26, 31, 32], the normal derivative can also be evaluated as the solution of the following
integral equation

(I/2 + S′ − ikS)
∂utot

∂ν
(x) =

∂uinc

∂ν
(x)− ikuinc(x) , (28)

see [22], for example. Here S′ is the normal derivative of the operator S which is weakly singular
like D, and S on the boundary, thereby avoiding the necessity of evaluating hypersingular integral
operators on the boundary.

B Linear Sampling Method (LSM)

The LSM was first introduced in [21], wherein the level-set of an appropriate indicator function
evaluated on a region containing the support of the domain is used for the solution of the inverse
obstacle scattering problem. While, the LSM was originally developed when measurements of the
far-field pattern are made, it’s extension to the case of distant scattered field measurements is
straight-forward.

Let uscat(x, θ) denote the scattered field at x generated by the scattering of the incident plane
wave uinc(x) = exp (ikx · (cos (θ), sin (θ))), and let L denote the operator given by

L[g](x) =
∫ 2π

0

uscat(x, θ)g(θ)dθ , (29)

where g is known as the Herglotz wave function. In particular, L[g](x) is the solution to the
Helmholtz equation with Dirichlet boundary conditions, and an incident field given by

uinc(x) =

∫ 2π

0

exp (ikx · (cos (θ), sin (θ)))g(θ)dθ . (30)

Let G(k(|x − y|) as before denote the Green’s function for the Helmholtz equation with wave
number k, and for each x ∈ R2, let g(x, θ) denote the Herglotz wave function satisfying
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A ·


g(x, θ1)
g(x, θ2)

...
g(x, θNd

)

 =


G(k|x− x1|)
G(k|x− x2|)

...
G(|x− xNt |)

 , (31)

where

A =

√
8π exp (−iπ/4)√

kNd


uscat(x1, θ1) uscat(x1, θ2) . . . uscat(x1, θNd

)
uscat(x2, θ1) uscat(x2, θ2) . . . uscat(x2, θNd

)
...

...
. . .

...
uscat(xNt

, θ1) uscat(xNt
, θ2) . . . uscat(xNt

, θNd
)

 . (32)

Here g(x, ·) is the Herglotz wave function which reproduces the field due to a point source located
at x ∈ R2 at the receptor locations x1,x2 . . .xNt

. In the limit of number of receptors, and incident
directions going to ∞, the norm of the Herglotz wave function for x inside the obstacle tends
to ∞, while it remains finite for x outside the domain. Thus, any function of the norm of the
Herglotz wave function can be used as a test function for estimating the boundary of the obstacle.
In practice, typically the following function of the Herglotz wave function is used as an indicator
function,

h(x) = log


√√√√ Nd∑

ℓ=1

|g(x, θℓ)|2

 , (33)

where the boundary of the obstacle is defined as a level set of h, i.e. Γ̃0 = {x : h(x) = C}.
The computation of h(x) requires the solution to the linear system in (31), for every x in the

domain of interest. However, the system of equations tends to be extremely ill-conditioned and
typically the Herglotz wave functions are computed via the solution of the following Tikhonov-
regularized problem:

g(x, ·) = min
g

∥A · g(x, ·)−Gx∥2 + α2∥g(x, ·)∥2 , (34)

where α is the Tikhonov-regularization parameter, Gx = [G(k|x− x1|) ;G(k|x− x2|) ; . . . G(k|x−
xNt

|)], and g(x, ·) = [g(x, θ1) ; g(x, θ2) ; . . . g(x, θNd
)]. Finally, owing to the equispaced tabulation

of the function h(x), the level set h(x) = C, computed numerically through standard contour
extractors tends to be non-smooth. We smoothen the initial guess by approximating it with a
star-shaped obstacle of the form r(t)(cos (t), sin (t)), with

r(t) = c0 +

N∑
n=1

(cn cos(nt) + cn+N sin(nt)) , t ∈ [0, 2π) . (35)

Let tℓ, ℓ = 1, 2, . . .M denote each point in the level set, and let ϕℓ. = Arg(tℓ) ∈ [0, 2π). Then
the coefficients [c0; . . . c2N ] are obtained via the least-square solution of the following system of
equations

c0 +

N∑
n=1

(cn cos(nϕℓ) + cn+N sin(nϕℓ)) = |tℓ| . (36)

For the examples used in this paper, we set α = 10−3, and N = 10, unless stated otherwise.
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